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Introduction 



Intriguing open questions of gauge field theory lie in the range of higher-spin gauge 
fields. These fields arise naturally in the classification of particles propagating in flat 
space-time. Indeed, as was shown by Bargmann and Wigner around the forties [1,2], 
group theory imposes that such particles should correspond to irreducible represen- 
tations of the Poincare group^. In four space-time dimensions, these are completely 
characterized by a mass and a representation of the little group. In the massless case, 
to which we restrict in this thesis, these representations are labeled by the "spin" , a 
positive integer or half-integer without further restriction.^ 

For some time, the main problem involving higher spins under investigation was 
the construction of free Lagrangians for fields of increasing spin [4-8], sometimes 
with the help of auxilliary fields. This task was more or less completed by the end 
of the seventies. In the eighties, a new approach to higher spins was developped 
by Fradkin and Vasiliev [9, 10], based on a generalization of the viclbcins and spin 
connections of Mac Dowell and Mansouri [11]. The aim of this approach, appealing 
by its geometrical structure, was to be able to couple gravity described by spin-2 fields 
to higher-spin fields. At the same time, a promising theory for a unified description 
of the fundamental forces and particles, string theory, prompted a revived interest in 
higher spin fields. The fundamental objects of this theory are one-dimensional objects 
that move in space-time and vibrate like the strings of a violin. It was noticed that 
the spectrum of the vibration modes of the strings includes an infinite number of 
fields of arbitrary increasing spin. 

With the advent of string theory, one was also confronted with the fact that some 
theories require the space-time to have more than four dimensions. Indeed, string 
theories can be consistently quantized perturbatively only in 10 or 26 dimensions. 
This observation triggered investigations in a new domain of higher-spin fields. The 
exciting fact is that new kinds of fields are allowed in field theories that five in those 
higher-dimensional space-times. Indeed, more general representations of the Poincare 

^For a pedagogical review on the irreducible representations of the Poincare group, in four and 
higher dimensions, we suggest the thesis by Nicolas Boulanger [3]. 

^Actually, there also exist "continuous spin" massless representations which have an infinite 
number of components. They are not considered here. 
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group exist when the space-time dimension n is larger than four. Spin is no longer 
sufficient to characterize the new representations, therefore it is replaced by a Young 
diagram in the classification. The word "spin" is still used in the higher-dimensional 
context, where it now denotes the length of the first row of the Young diagrams for 
bosons, and this length plus one half for fermions. The usual completely symmetric 
spin-s field that appears in four dimensions then corresponds to the simplest Young 
diagrams of spin s , i.e. a one-row diagram with s boxes. The new fields include 
antisymmetric p-form fields (which correspond to one-column Young diagrams), and 
mixed-symmetry fields, the indices of which are neither completely symmetric, nor 
completely antisymmetric. The latter fields are also called "exotic" . 

In the last two decades, two aspects of higher-spin gauge theories have been mainly 
studied: duality and interactions. We will consider both in this thesis, focussing on 
massless fields of integer spin s. 

(i) Duality 

The first question addressed in this thesis is whether different higher-spin fields 
are related by dualities. In other words, is it possibler that fields corresponding to 
different irreducible representations be actually describing the same physical object? 
Duahties that relate the components of a same field are considered as well. These 
dualities are also important because they often relate theories that are in different 
coupling regimes, e.g. a strongly coupled and a weakly coupled theory. 

These issues have already been the focus of a great interest [12-27]. Dualities were 
found that relate different representations of the same spin. In most of these works 
however, duality is studied at the level of the equations of motion only (notable 
exceptions being Ref. [12-14], which deal with the spin-2 case in four space-time 
dimensions). One can wonder whether there exists a stronger form of duality, valid 
for all spins and in all space-time dimensions, which would relate the corresponding 
actions. This is indeed the case: in specific dimensions, the free theory for completely 
symmetric spin-s fields is dual at the level of the action to the free theory of some 
mixed-symmetry fields [15]. The proof of this statement is presented in this thesis 
for fields propagating in a fiat space-time. It relies on the first-order formulation of 
the action. The proof can be generalized to Anti-de Sitter space-time (AdS) [28], 
and probably also to mixed-symmetry gauge fields, provided one constructs their 
first-order action. 

Other duahties of field theories are symmetries "within" a same theory. String 
theory exhibits many such dualities. The earliest example of such a duality though is 
the electric-magnetic duality of electromagnetism. The almost symmetric role of the 
electric and magnetic fields led Maxwell to complete the symmetry by introducing 
the "displacement current" . In this way, he wrote down the correct equations of elec- 
tromagnetism. In the absence of sources, these equations are invariant under duality 
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transformations mixing the electric and the magnetic fields. However, because no 
isolated magnetic charges have been observed in Nature, the usual equations are not 
invariant in the presence of sources. It is nevertheless possible to construct a theory 
symmetric that is under duality in the presence of sources, by assuming the existence 
of magnetic monopoles. This was done by Dirac in Ref. [29,30]. In these papers, Dirac 
also showed that the existence of magnetic monopoles has a dramatic consequence. 
Indeed, the presence of a single magnetic monopole implies the quantization of the 
electric charges. If a magnetic monopole could be found, this would provide a very 
elegant explanation of why the electric charges of the elementary particles are related 
by integer factors. Indeed, within the Standard Model, no reason explains why the 
charges of the "up" and "down" quarks, u and d, are related to the charge of the 
electron by the simple ratios Qu ■ Qd '■ Qe — '■ ~i '■ ~3 (and similarly for the 
other families of elementary particles). 

Later, the idea of electric-magnetic duality was analysed in the context of non- 
Abelian gauge theories in [31,32], and more recently it has been generalized to ex- 
tended objects and p-form gauge fields in [33]. The charge quantization condition 
becomes more exotic in the latter case. For example, it is antisymmetric for p-dyons 
of even spatial dimension p, and symmetric for odd p [34] : eg ± ge = 27rnh, where 
(e, g) and (e, g) are the electric and magnetic charges of two dyons and n is an inte- 
ger. Another feature is that, since in dimensions higher than four duality can relate 
different kinds of fields, the quantization condition then involves the charges of dif- 
ferent fields, hke the electric charge of a vector field and the magnetic charge of a 
{n — 3)-form. 

Finally, magnetic sources and the electric-magnetic duality can be implemented 
in free higher-spin gauge field theories [35], as we show in this thesis for n = 4. 
The quantization condition now involves the four-momenta of the sources. Thus, for 
instance for spin-2, the quantized quantity is the product of the energy-momentum 
four-momenta of the sources, and not the product of the "electric" and "magnetic" 
masses. A limitation of this generalization is however that, because only the lin- 
ear theory is considered, the sources are strictly external and their trajectories in 
space-time are not affected by the backreaction from the higher-spin fields. These 
results were obtained for completely symmetric gauge fields, but we expect that the 
same implementation can also be used in higher dimensions to determine the cou- 
pling of magnetic sources to mixed-symmetry fields, and to relate their charges by a 
quantization condition. 

(ii) Interactions 

The second part of the thesis is related to the following question. Why do the 
fields that we see in Nature all have spins lower or equal to two? A possible answer 
could be that there is no consistent interacting theory in flat space-time for flelds of 
spin higher than two. There is actually a general behef that this is indeed the case. 
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unless the spectrum of the theory contains an infinite set of higher-spin fields. This is 
for example what happens in string theory: an infinite number of higher-spin gauge 
fields appear in the tower of massive states of this theory, where they even play an 
important role in the quantum behavior. 

Let us first explain more precisely the present status. The theory describing the 
free motion of massless fields of arbitrary spin is by now well established. Several 
elegant formulations are known, for the completely symmetric fields [6,8,20-23,36] 
as well as for the mixed-symmetry fields [24,25,36-46]. However, the problem of 
constructing consistent interactions among higher-spin gauge fields is not completely 
solved. The first attempts to tackle this problem were reported in Ref. [8,47-57], 
among which some progress was achieved. These results describe consistent interac- 
tions at first order in a deformation parameter g and involve more than two deriva- 
tives. In the light-cone gauge, first-order three-point couplings between completely 
symmetric^ gauge fields with arbitrary spins s > 2 were constructed in [47-49]. For 
the spin-3 case, a first-order cubic vertex was obtained in a covariant form by Berends, 
Burgers and van Dam [50]. However, no-go results soon demonstrated the impossi- 
bility of extending these interactions to the next orders in powers of g for the spin-3 
case [51-53]. On the other hand, the first explicit attempts to introduce interactions 
between higher-spin gauge fields and gravity encountered severe problems [59]. 

Very early, the idea was proposed that a consistent interacting higher-spin gauge 
theory could exist, provided the theory contains fields of every possible spin [6]. In 
order to overcome the gravitational coupling problem, it was also suggested to perturb 
around a curved background, like for example AdSn- In such a case, the cosmological 
constant A can be used to cancel the positive mass dimensions appearing with the 
increasingly many derivatives of the vertices. Interesting results have indeed been 
obtained in those directions: consistent nonlinear equations of motion have been found 
(see [60-62] and references therein) , the lowest orders of the interacting action have 
also been computed [10], but the complete action principle is still missing. Infinite 
towers of higher-spin fields are also studied in the context of the tensionless limit of 
string theory [63], where the massive modes become massless. 

To tackle the problem of interactions involving a limited number of fields, a new 
method [64, 65] has been developed in the last decade. It allows for an exhaustive 
treatment of the consistent local interaction problem while, in the aforementioned 
works [47-56], classes of deformation candidates were rejected ab initio from the 
analysis for the sake of simplicity. For example, spin-3 cubic vertices containing more 
than 3 derivatives were not considered in the otherwise very general analysis of [50]. 
This ansatz was too restrictive since another cubic spin-3 vertex with five derivatives 
exists in dimensions higher than four (it is written explicitly in Section 6.7.3). In 



"^Light-cone cubic vertices involving mixed-symmetry gauge fields were computed in dimensions 
n = 5,6 [58]. 



Introduction 



5 



the approach of [64], the standard Noether method (used for instance in [52]) is 
reformulated in the BRST field-antifield framework [66-68], and consistent couphngs 
define deformations of the solution of the master equation. Let us mention that some 
efforts are still pursued in the light-cone formalism [78]. 

The BRST formulation has been used recently in different contexts [69-77], two of 
which are presented in this thesis: interactions among exotic spin-2 fields [72-75] and 
interactions among symmetric spin-3 fields [76,77]. It is found that no non-Abelian 
interaction can be built for exotic spin-2 fields. There is thus no analogue to Einstein's 
gravity for these fields. Nevertheless, some examples of consistent interactions that 
do not deform the gauge transformations can be written. For spin-3 fields, non- 
Abelian first-order vertices exist. On top of the two above-mentioned vertices (the 
vertex of Berends, Burgers and van Dam and the five-derivative vertex), two extra 
parity- violating vertices are found, which live in three and five space-time dimensions 
respectively. However, two of those vertices are obstructed at second order in the 
coupling constant and further work is needed to check whether the two remaining 
vertices can be extended to all orders. It would also be interestiong to determine 
whether some of these vertices might be related to the nonlinear equations of Vasiliev 
[60-62]. 



Overview of the thesis 

This thesis is organized as follows. 

In Chapter 1, we give a review of the free theory of massless bosonic higher-spin 
gauge fields [6]. The concepts presented include gauge invariance, the equations of 
motion, the action, as well s aconserved charges and the coupling of external electric 
sources. 

In Chapter 2, we introduce the first-order reformulation of higher-spin gauge 
field theories, which has been developped by Vasiliev [9]. In this framework, we prove 
the duality, at the level of the action, of the free theory of completely symmetric 
spin-s fields with the free theory of some mixed-symmetry spin-s fields, in specific 
dimensions [15]. 

In four space-time dimensions, the duality procedure of Chapter 2 relates the free 
theory of a completely symmetric spin-s field with itself. Moreover, the duality inter- 
changes the "electric" and "magnetic" components of the field. We use this result in 
Chapter 3 to couple external magnetic sources to higher-spin fields. Furthermore, 
we show that the "electric" and "magnetic" conserved charges are required to satisfy 
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a quantization relation [35]. The latter involves the "electric" and "magnetic" cou- 
plings, as well as the four-momenta of the sources. It is a generalization of the Dirac 
quantization condition for electromagnetism, which constrains the product of electric 
and magnetic charges. 

We then turn to the problem of consistent interactions. In Chapter 4, we in- 
troduce the framework in which we will work, the BRST field- ant ifield formalism 
developped by Batalin and Vilkovisky [66-68] . We first analyse the general structure 
of gauge field theories. Then we show how this structure is encoded in the field- 
antifield formalism. In particular, the consistency of the gauge structure is contained 
in the master equation. Finally, we address the problem of constructing consistent 
local interactions. This is done by deforming the master equation, as was proposed 
in [64,65]. 

The theoretical recipes of Chapter 4 are applied to specific examples in the next 
two chapters. In Chapter 5, we study the self-interactions of exotic spin-two fields 
[72-75]. The symmetries of the indices of these fields are described by Young tableaux 
made of two columns of arbitrary length p and q (with p > q). We require p > 
1 to exclude the well-studied usual symmetric spin-two field, the graviton. After 
computing several cohomology groups, we prove a no-go theorem on interactions 
with a non-Abelian gauge algebra. We also constrain the interactions that deform 
the gauge transformations without deforming the algebra. 

In Chapter 6, we perform the same analysis for completely symmetric spin- 
three fields [76,77]. The computation of some cohomology groups is comphcated 
with respect to the spin-2 case by the additional condition of vanishing trace on the 
gauge parameter. At first order in the deformation parameter, we find four consistent 
deformations of the free Lagrangian and gauge transformations, among which the 
vertex found by Berends, Burgers and van Dam. The latter deformation and another 
one are shown to be obstructed at second order by the requirement that the algebra 
should close. 

After brief Conclusions, some appendices follow. An introduction to Young 
tableaux is given in Appendix A. In Appendix B, we present a generalization 
of Chapline-Manton interactions that involves exotic spin-two fields or spin-s fields. 
Appendix C is devoted to the first-order formulation of the free theory for exotic 
spin-two fields. The lengthy proof of a theorem stated in Chapter 5 is given in 
Appendix D, as well as technicalities involving Schouten identities, which are needed 
in Chapter 6. 



Chapter 1 

Free higher-spin gauge fields 



In this section we review the free theory of bosonic higher-spin gauge fields. A wider 
recent review on this topic can be found in [23]. 



1.1 Spin-s field and gauge invariance 

A massless bosonic spin-s field can be described by a gauge potential which is a totally 
symmetric tensor hn^n^...^^ subject to the "double-tracelessness condition" [6], 

The gauge transformation reads 

where the gauge parameter ^^^-ns totally symmetric and traceless, 

The trace condition on the gauge parameter appears for spins > 3, while the double 
tracelessness condition on the field appears for spins > 4. 

From the field h^^^^...^^, one can construct a curvature R^^u^^2l'2■■■^lsys that contains 
s derivatives of the field and that is gauge invariant under the transformations (1.1.1) 
even if the gauge parameter is not traceless, 

-^Ml'^lM2!^2— /"si^s ~ ~2 ^[/ii[//2 — [/is,i^s]---!^2]i^l] ) 

where one antisymmetrizes over //^ and Vk for each k. This is the analog of the 
Riemann tensor of the spin-2 case. The curvature Rij.iv1ix2v2-iJ.aVs has the symmetry 
characterized by the Young tableau 



Ml 


IJ-2 




Ms 




V2 
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i.e. it is symmetric for the exchange of pairs of indices /Xji/j and antisymmetrization 
over any three indices yields zero. The curvature also fulfills the Bianchi identity 

Conversely, given a tensor R^j^uitJ.2i'2---fj.si's with the Young tableau symmetry (1.1.3) 
and fulfilling the Bianchi identity (1.1.4), there exists a "potential" h^^^j_^...^^ such 
that Eq.(1.1.2) holds. This potential is determined up to a gauge transformation 
(1.1.1) where the gauge parameter Cij.2-ij.s unconstrained {i.e. its trace can be 
non- vanishing) [79]. 

1.2 Equations of motion 

The trace conditions on the gauge parameter for spins > 3 are necessary in order to 
construct second-order invariants - and thus, in particular, gauge invariant second- 
order equations of motion. One can show that the Pronsdal tensor 

s{s — 1) 

which contains only second derivatives of the potential, transforms under a gauge 
transformation (1.1.1) into the trace of the gauge parameter 

and is thus gauge invariant when the gauge parameter is requested to be traceless. 
The Fronsdal tensor is related to the curvature by the relation 

R'Hll'llJ,2l'2---Hs'^sV ^ ^ — ~ l2^l^llJ-2\p3[—[tis,Vs\--\f3\ ' (1.2.5) 

The equations of motion that follow from a variational principle are 

=0, (1.2.6) 

where the "Einstein" tensor is defined as 

r — F - ^il^l^-n, F p (^ 9 7\ 

These equations are derived from the Pronsdal action 

S[h,,...,Xx)]^ Jd'xC, (1.2.8) 
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where 

I £(£-1) o la p)\u ^/i3-/is I s{s-l){s-2) r^Xj^a o , i3p^l4,■■■^ls 

Indeed, one can check that j^-y^.-ys = ^^71 •••7s ■ Furthermore, these equations of motion 
obviously imply 

and the inverse implication is true as well [24]. Indeed, Eq.(1.2.9) implies that the 
Fronsdal tensor has the form F^^^f^,-,...n^ = d(^pj^^,,^,^'E^^^...^^^^, which can be made to vanish 
by a gauge transformation with an unconstrained gauge parameter (see [21] for a 
discussion of the subtleties associated with the double tracelessness of the spin-s field 
/i^^...^J. The interest of the equations (1.2.9) derived from the Einstein equations 
is that they contain the same number of derivatives as the curvature. Thus, they 
are useful to exhibit duality, which rotates the equations of motion and the cyclic 
identities on the curvature. 



1.3 Fixing the gauge 

Let us check that when the gauge is completely fixed the right degrees of freedom 
remain. 

If the theory at hand describes a completely symmetric massless spin-s field, then 
there should be a completely fixed gauge in which the field is transverse to a timelike 
direction u"' and traceless. We prove in this section that this is indeed the case. We 
first give the gauge conditions, then we check that they can be obtained by gauge 
transformations and that they completely fix the gauge. 

The appropriate gauge conditions are 

s{s — 1) 

and (iii) the vanishing of the components with at least one "minus" index and the 
other indices transverse. 

The gauge variation of -f^^i...^,_i is = □ C,^-^...fi,,_i ■ The gauge in which the 

condition (i) is satisfied can thus be attained by performing a gauge transformation 
such that ^ 

In this gauge, there is a residual gauge invariance. Indeed, gauge transformations 
with parameters satisfying □ ^^^.../^^.^ = are still allowed, as they do not modify 
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condition (i) . The solution of this equation is 

^ s j dJ'k i?e[-ic^i...^^_i(/c) exp{iko,x'^)] , 

where /Cq/c" = and c^i...^^_i(/c) is an arbitrary function of k^- 

We now perform a Fourrier expansion of the field and all the gauge conditions. 

So, e.g. = / d^k Re[ /i^j...^^ exp{ikaX°')] . Quite generally, we can consider 

each Fourrier component separately, which we will do in the sequel. 
Without loss of generality, we can choose A;" = {k~^, ... 0) and 
= (1, . . . 0) . We first use the residual invariance to cancel the traces of the field 

(gauge condition (ii)). Their gauge transformation is 

SKi-i^s-2a'^ = ^{Re[h^^...^,_^a'^exp{ikpx^)'\^ 

= f ^"ia^Ji^...^Ji,_2 = Re[-2 k^c+^^,„^^_^ exp{ikpx'^)] , 

so by a gauge transformation with c+^j j = ■^^^n-fis-za' "^^^ make the traces 
of the field vanish. The tracelessness condition of the gauge parameter, ^^^^^ = 
implies that 2?7"'"~c+_^3...^^_j + c\^^ = , which means that all the transverse 
traces of c are fixed by the above gauge transformation. Indeed, further gauge trans- 
formations with non- vanishing transverse traces would spoil the gauge condition (ii) . 
The gauge condition (i) now reads 

= -Re[ifc+/i+^i...^^_i exp{ikj3X^)] = . 

Thus, when (i) and (ii) are satisfied, all the field components with at least one "plus" 
and all the traces of the field vanish. To reach the transverse tracclcss gauge, the 
residual gauge invariance must be used to cancel the components with at least one 
"minus". The latter components h-rni...ms-i > where m e {— ,0> indepen- 
dent because of the tracelessness of the field. Indeed, it implies that their transverse 
traces are given by 

^- jmi...77is_3 ~ — 2?7 h — I — mi...ms-3 ■ 

It is thus enough to cancel the transverse-traceless part of /i_mi...ms-i ■ The gauge 
transformation of /i-mi-.m^-i reads 

Sh^mi...ms-i = R4 Sh^rni...ms-i exp(iA;^X^)] 

= d(-^rni...m,-i) = Re[ k^Cmi. ..rus-i exp{ikpx'^)\ . 

By the choice of a gauge transformation with Cmi...ms_i being the transverse-traceless 
part of — ;^/i-mi...ms_i wc attain the desired goal. As we have now used all components 
of c^i.../i^_i, the gauge is completely fixed. QED. 
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It is interesting to study the form of the Lagrangian as one fixes the gauge. Upon 
gauge fixing, the Pronsdal Lagrangian becomes the gauge fixed Lagrangian 

It is obvious that by a mere redefinition of the form h — h + rjh^ one gets the action 

which yields the Klein-Gordon equations of motion for hf^^ . (Remember that the 
double trace of the field vanishes.) 

Prom another point of view, by relaxing the gauge fixing conditions one can gen- 
erate the Fronsdal Lagrangian from the Klein- Gordon equations of motion. To prove 
this, let us consider the completely fixed gauge. Since the equations of motion for 
the physical degrees of freedom are the Klein-Gordon equations, □ hf^^^ = , the 
Lagrangian must be 

where a and b are some a priori arbitrary constants. The constant a is actually just 
an overal factor, which we take equal to | . 

Relaxing the gauge conditions (ii) and (iii) does not change the structure of the 
Lagrangian, it basically widens the range of values that the indices can take. One has 

>C = - (/iff „ □ /i^^''!-'^^ +bh'^/, □ ;,/GF^i...^._2) 

where h'^^ satisfies the gauge condition (i). To reach the gauge (i) from the covari- 
ant theory, one had to perform a gauge transformation 

h%^...^,s = Ki-i^s + 5(wC/x2...M») (1.3.10) 

with parameter 

— -—H ^-—(sB'^h - h ^ 

We now "reverse" this gauge transformation by inserting the expression (1.3.10) for 

/iff into the above Lagrangian, substituting for its expression in terms of 

the field /i^i...^^ • Because the guage transformation is not local, non-local terms appear 

in the Lagrangian. To cancel them, one must impose that b = -'-^ . It t urns out 

that the obtained Lagrangian now exactly matches the Fronsdal Lagrangian (1.2.8). 
1 



^This procedure to generate the Lagrangian can be generalized to fields with mixed symmetry. 
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1.4 Dual curvature 

The dual of the curvature tensor is defined by 

— — - p J^P'^ 

and, as a consequence of the equations of motion (1.2.9), of the symmetry of the cur- 
vature and of the Bianchi identity (1.1.4), it has the same symmetry as the curvature 
and fulfills the equations 3^,^^^^,^^^...^^^^^''^ = 0, dy^S^,^^^^,,^^^...!,^^^ = 0. 



1.5 Conserved charges 

Non-vanishing conserved charges can be associated with the gauge transformations 
(1.1.1) that tend to Killing tensors at infinity ("improper gauge transformations"). 
They can be computed from the Hamiltonian constraints [80] or equivalently from the 
knowledge of their associated conserved antisymmetric tensors . These generalize 
the electromagnetic F^i^ and have been computed in [81]. Their divergence vanishes in 
the absence of sources. The corresponding charge is given by = | -kk^ dx"" A 
dx^ , where the integral is taken at constant time, over the 2-sphere at infinity. The 
tensors k^^^^ read 

-(a ^ /3) + • • • , 

where the dots stand for terms involving derivatives of the gauge parameters. 

Of particular interest are the charges corresponding to gauge transformations that 
are "asymptotic translations", i.e. — for some traceless con- 

stant tensor eMi - Mo-i Yox these transformations, the charges become, using Stokes' 

New features for the latter are the reducibihty of the gauge transformations and the presence of 
several gauge parameters (if one considers irreducible parameters). 

Let us sketch how to proceed in the simplest case, for a 2-form A^j, . The gauge fixed Lagrangian 
is C^^ = A^^UA'^^ . The gauge transformation reads S^A^i, = — d^S^u , and is reducible, i.e. 
S^A^^ = for parameters = . To fix the rcducibility, one can ask that only gauge parameters 
that satisfy the Lorentz condition d'^^^ = be allowed. The equivalent of the condition (i) is the 
Lorentz condition H,, = d^A^^, = . Since S^Hi, = d^d^'^p — = —O^v , the gauge transformation 
to be "undone" in C^^ is A'^^^ = A^j^i, + S^^A^^ where = ^d^A/^v . As expected, the resulting 
Lagrangian is the usual one. 
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theorem and the exphcit expression for k^^ , 

Jv 

As these charges are conserved for any traceless en-^...n^_-^, the quantities P^^^^^^^^'-'^ 
defined as the traceless parts of JyG^^^ '^''-^d^x are conserved as well. In the spin-2 
case, is the energy-momentum 4-vector. 



1.6 Electric sources 

In the presence of only electric sources, a new term is added to the action (1.2.8), 

The tensor t^'^^^^l^■' is called the electric "energy-momentum" tensor. It is conserved and 
thus divergence-free, d^^t^'^'"^" = 0. Since the spin-s field /i^^-..^^ is double-traceless, 
it couples only to the double-traceless part of t^^...^^, which we denote by T^i-.-jn^ . 
The equations of motion then read: 

C/ii^a-Ma + ^/ii/i2--Ms = ) (1.6.11) 

or equivalently 

-^/ili^l/i2t'2— /isi^s^ ^ ^ ~ 2 "^A'1/^2[M3[---[Msi1's]---]i'3] (1.6.12) 

where f^^^^...^,^ = T^,,^.,...^^ - f ^^(^i^aT^,^...^^) and primes denote traces, T'^^...^^ = 
'^iJ.i-iJ.sV'^^'^^ ■ The curvature tensor has the Young symmetry (1.1.3) and fulfills the 
Bianchi identity (1.1.4), as in the case without sources. 

On the other hand, while the trace of the dual curvature tensor still vanishes, 
the latter has no longer the Young symmetry (1.1.3) and its Bianchi identity gets 
modified as well. The new symmetry is described by the Young tableau 



;i.6.i3) 



as the dual curvature now satisfies 



while the Bianchi identity becomes 

1 
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Chapter 2 
Spin-5 duality 



In this section, we prove that some free theories for higher-spin gauge fields are con- 
nected by a form of duahty that goes beyond equivalence at the level of the equations 
of motion, because it relates their corresponding actions. A familiar example in which 
duality goes beyond mere on-shell equivalence is given by the set of a free p-form gauge 
field and a free {n — p — 2)-form gauge field in n space-time dimensions. The easiest 
way to establish the equivalence of the two theories in that case is to start from a first- 
order "mother" action involving simultaneously thep-form gauge field A^^...^^^ and the 
field strength Hfj^^...n^_^_^ of the {n — p — 2)-form S^i...ju„_p_2 treated as independent 
variables 

S[A,H]r^ J dAAH -^H A*H (2.0.1) 

The field H is an auxiliary field that can be eliminated through its own equation of 
motion, which reads H —*dA. Inserting this relation in the action (2.0.1) yields the 
familiar second-order Maxwell action J dA /\*dA for A. Conversely, one may view 
A as a Lagrange multiplier for the constraint dH = 0, which implies H = dB. Solving 
for the constraint inside (2.0.1) yields the familiar second-order action ~ J dB A*dB 
for B. 

Following Pradkin and Tseytlin [82] , we shall reserve the terminology "dual theo- 
ries" for theories that can be related through a "parent action" , referring to "pseudo- 
duality" for situations when there is only on-shell equivalence. The parent action 
may not be unique. In the above example, there is another, "father" action in which 
the roles of A and B are interchanged {B and F are the independent variables, with 
S J dBAF — ^FA*F and F — dA on-shell). That the action of dual theories can be 
related through the above transformations is important for establishing equivalence of 
the (local) ultraviolet quantum properties of the theories, since these transformations 
can formally be implemented in the path integral [82]. 

Recently, dual formulations of massless spin-2 fields have attracted interest in 
connection with their possible role in uncovering the hidden symmetries of gravita- 
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tional theories [83-89]. In these formulations, the massless spin-2 field is described 
by a tensor gauge field with mixed Young symmetry type. The corresponding Young 
diagram has two columns, one with n — 3 boxes and the other with one box. The 
action and gauge symmetries of these dual gravitational formulations have been given 
in the free case by Curtright [36]. The connection with the more familiar Pauli-Fierz 
formulation [4] was however not clear and direct attempts to prove equivalence met 
problems with trace conditions on some fields. The difficulty that makes the spin-1 
treatment not straightforwardly generalizable is that the higher-spin (s > 2) gauge 
Lagrangians are not expressed in terms of strictly gauge-invariant objects, so that 
gauge invariance is a more subtle guide. One of the results of this chapter is the 
explicit proof that the Curtright action and the Pauli-Fierz action both come from 
the same parent action and are thus dual in the Pradkin-Tseytlin sense. The analysis 
is carried out in any number of space-time dimensions and has the useful property, 
in the self-dual dimension four, that both the original and the dual formulations are 
described by the same Pauli-Pierz Lagrangian and variables. 

We then extend the analysis to higher-spin gauge fields described by completely 
symmetric tensors. The Lagrangians for these theories, leading to physical second- 
order equations, have been given long ago in [6] and are reviewed in Section 1. We 
show that the spin-s theory described by a totally symmetric tensor with s indices 
and subject to the double-tracelessness condition is dual to a theory with a field of 
mixed symmetry type [n — 3, 1, 1, • • • ,1] (one column with n — 3 boxes, s — 1 columns 
with one box; cf Appendix A), for which we give explicitly the Lagrangian and gauge 
symmetries. This field is also subject to the double tracelessness condition on any 
pair of pairs of indices. A crucial tool in the analysis is given by the first-order 
reformulation of the Pronsdal action due to Vasiliev [9] , which is in fact our starting 
point. We find again that in the self-dual dimension four, the original description and 
the dual description are the same. 



2.1 Spin-2 duality 

2.1.1 Parent actions 

We consider the first-order action [85] 

5[e„,,y"^l] = -2 J Y^'\^d^,e,^,-\Y,,\,Y^^\' + ,^^^ 



ac\ 



(2.1.1) 



-Y 



ba\ 



where Cab has both symmetric and antisymmetric parts and where y"^'c 
is a once-covariant, twice-contravariant mixed tensor. Neither e nor Y transform 
in irreducible representations of the general linear group since Cab has no definite 
symmetry while y"^c is subject to no trace condition. Latin indices run from to 
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n — 1 and are lowered or raised with the flat metric, taken to be of "mostly plus" 
signature (— , +, ■ ■ ■ , +). The space-time dimension n is > 3. The factor 2 in front of 
(2.1.1) is inserted to follow the conventions of [9]. 

The action (2.1.1) differs from the standard first-order action for linearized gravity, 
in which the vielbein Cab and the spin connection u!ab\c are treated as independent 
variables, by a mere change of variables 0Uab\c Y"'^ such that the coefficient of 
the antisymmetrized derivative of the vielbein in the action is just Y'^% , up to the 
inessential factor of —2. This change of variables reads 

. . 2 ^ 

Yab\c = ^c|a|6 + Vac^^\b\i — ^6c^VN' '^"I^I'^ ^ -^^^1" 31J^a[6^c]d| ■ 

It was considered (for full gravity) previously in [85]. 

By examining the equations of motion for F^^'c, one sees that Y°^\ is an auxiliary 
field that can be eliminated from the action. The resulting action is 



(2.1.2) 



where Cab\c = d[aeb]c- This action depends only on the symmetric part of Cab (the 
Lagrangian depends on the antisymmetric part of Cab only through a total derivative) 
and is a rewriting of the linearized Einstein action of general relativity (Pauli-Fierz 
action). 

From another point of view, Cab can be considered in the action (2.1.1) as a 
Lagrange multiplier for the constraint daY'^\ — 0. This constraint can be solved 
explicitely in terms of a new field Y°''^^c — Y^"''^\, as Y'^% — deY"'^%. The action then 
becomes 



1 1 



(2.1.3) 



where Y"'''^^ must now be viewed as the dependent field Y"'^^'^ = deY'^^^^'^. The field 
Y"'^% can be decomposed into irreducible components: Y"''^^^ c = X°'^^\^ ^ with 

^ahc\^ = 0, X^^^K = ^^"^'"c and = Zl^^l. A direct but somewhat cumbersome 
computation shows that the resulting action depends only on the irreducible compo- 
nent X"^^\^ i.e. it is invariant under arbitrary shifts of (which appears in the 
Lagrangian only through a total derivative). One can then introduce in n > 4 dimen- 
sions the field Ta^...a^_^\c = ^eai...a„_^efgX^-''^l with T[a^...a„_3|c] = becausc of the 
trace condition on X'^'^^^c, and rewrite the action in terms of this field^. Explicitly, 



-'^For n = 3, the field X'^'^^i is identically zero and the dual Lagrangian is thus C = 0. The duality 
transformation relates the topological Pauli-Fierz Lagrangian to the topological Lagrangian £ = 0. 
We shall assume n > 3 from now on. 
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one finds the action given in [36, 37] 



_ 3)[-39er^^--^"-l"9^r^;.,...6„_3|a 

n 

'- eb2.--b„-3]f " 



62...6n-3|fl9e/j. ,f-d^T^^-^^-^\9Q Tf 



(2.1.4) 



By construction, this dual action is equivalent to the initial Pauli-Fierz action for 
linearized general relativity. We shall compare it in the next subsections to the Pauli- 
Fierz (n — 4) and Curtright (n = 5) actions. 

One can notice that the equivalence between the actions (2.1.2) and (2.1.3) can 
also be proved using the following parent action: 



ca\ 

^ /~i /~iac\b ^ /~iab\c 
— -^^ab\c^ — -^'^ab\c'^ 



(2.1.5) 



where Cab\c = C'hIc and Yabc\d = y[abc]\d- The field Yabc\d is then a Lagrange multiplier 
for the constraint d[aCbc]\d = 0, this constraint implies Cab\c = d[aebjc and, eliminating 
it, one finds that the action (2.1.5) becomes the action (2.1.2). On the other hand, 
Cab\c is an auxiliary field and can be eliminated from the action (2.1.5) using its 
equation of motion, the resulting action is then the action (2.1.3). 

2.1.2 Gauge symmetries 

The gauge invariances of the action (2.1.2) are known: 5eab — daCb + db^a + ^^ab, where 
cuab — <^[a&]- These transformations can be extended to the auxiliary fields (as it is 
always the case [90]) leading to the gauge invariances of the parent action (2.1.1): 



S^Cab = daCb + dbia, 



(2.1.6) 
(2.1.7) 



and 



^LO^ab = ^ab, (2.1.8) 

S^y^^a = 3dcJ''''S'J. (2.1.9) 
Similarly, the corresponding invariances for the other parent action (2.1.5) are: 

S^Cab\c = d,diM], (2.1.10) 
^^F"''!^ = -Gd^'^^'S'l (2.1.11) 
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and 

SujCab\c = d[aUJb]c, (2.1.12) 

S^Y^^"^^ = Suj^'^'^S"]. (2.1.13) 

These transformations affect only the irreducible component Z'^^ of Y"'''%. [Note that 
one can redefine the gauge parameter cuab in such a way that Seat — daCb + ^ab- In 
that case, (2.1.6) and (2.1.7) become simply S^Cab — da^b, S^Y"''^^ ^ = 0.] 

Given F^^'c, the equation Y'^\ = deY"''^^^c does not entirely determine Y°'^^^c- Indeed 
y"^'c is invariant under the transformation 

^yaM^ ^ 9^ (0a&e/| J (2.1.14) 

of y"''^'^^ci with 0"^'^'^'c = (f}-'^^^^^'^c- As the action (2.1.3) depends on y"'"^' ^ only through 

y"^' c, it is also invariant under the gauge transformations (2.1.14) of the field 

In addition, it is invariant under arbitrary shifts of the irreducible component Z""^, 

The gauge invariances of the action (2.1.4) involving only X'^^^^c (or, 

equivalently, Ta^...a^_.j,\c) are simply (2.1.14) projected on the irreducible component 

X"''^'c (or r„i...a„_3|c). 

It is of interest to note that it is the same a;-symmetry that removes the antisym- 
metric component of the tetrad in the action (2.1.2) (yielding the Pauli-Fierz action 
for e^ab)) and the trace Z""^ of the field y"^"^' ^ (yielding the action (2.1.4) for Ta^...a^_3\c 
(or X^^'^'c)). Because it is the same invariance that is at play, one cannot eliminate si- 
multaneously both e\ab] and the trace of Y'^\ in the parent actions, even though these 
fields can each be eliminated individually in their corresponding "children" actions 
(see [91] in this context). 

2.1.3 n=4: "Pauli-Fierz is dual to Pauli-Fierz" 

In n = 4 space-time dimensions, the tensor Ta^...a^_^\c has just two indices and is 
symmetric. Tab — Tba- A direct computation shows that the action (2.1.4) then 
becomes 

s[Tab] = j d^x [d'^T^'daTbc - 2a„r"^ax6 - 2r/a'<=r6c - a„T,''a'^T/] (2.1.15) 

which is the Pauli-Fierz action for the symmetric massless tensor T^b- At the same 
time, the gauge parameters 0"^^-^'c can be written as (^"'^^^^c — s'^'^^^c and the gauge 
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transformations reduce to 5Tab ~ dajb + 9bja, as they should. Our dualization pro- 
cedure possesses thus the distinct feature, in four space-time dimensions, of mapping 
the Pauli-Fierz action on itself. Note that the electric (respectively, the magnetic) 
part of the (linearized) Weyl tensor of the original Pauli-Fierz field hab = e(^ab) is 
equal to the magnetic (respectively, minus the electric) part of the (linearized) Weyl 
tensor of the dual Pauli-Fierz Tab, as expected for duality [16,92]. More precisely, the 
curvatures i?«^l'^^(/i) = 28^" h^^^'''^^ and R^^^^'^T) = 2d^''T^^^^'^^ are related on-shell by 
the simple expression 

An alternative, interesting, dualization procedure has been discussed in [14]. In 
that procedure, the dual theory is described by a different action, which has an 
additional antisymmetric field, denoted cUab- This field does nontrivially enter the 
Lagrangian through its divergence d'^cUab ^ 

2.1.4 n=5: "Pauli-Fierz is dual to Curtright" 

In n = 5 space-time dimensions, the dual field is Tab\c — ^^abefg^^'^^^c , and has the 
symmetries Tab\c = T[ab]\c and T[ab|c] — 0. The action found by substituting this field 
into (2.1.3) reads 

It is the action given by Curtright in [36] for such an "exotic" field. 

The gauge symmetries also match, as can be seen by redefining the gauge param- 
eters as '^gc — —■^Sabeig(t^"^'^^^c- The gauge transformations become 

5Tab\c = -'2d^aSb]c - \[daAbc + dbA,, - 2d,Aabl (2.1.16) 

where ipab = Sab + ^ab, Sab = Sba, Aab = "^ba- Thcsc are exactly the gauge transfor- 
mations of [36]. 

It was known from [16] that the equations of motion for a Pauli-Fierz field were 
equivalent to the equations of motion for a Curtright field, i. e. that the two theories 
were "pseudo-dual". We have estabhshed here that they are, in fact, dual. The 
duality transformation considered here contains the duality transformation on the 

curvatures considered in [16]. Indeed, when the equations of motion hold, one has 
Rt,ua(^[h] OC Efj^^parR'^'^'^a/si'^] whcrc R^ua(^[h] (respectively RparapiT]) is the linearized 
curvature of hab = e(a6) (respectively, Tab\c)- 

^In the Lagrangian (27) of [14], one can actually dualize the field uiab to a scalar $ {i.e. (i) replace 
d'^uJab by a vector kh in the action; (ii) force kb = d^uiab through a Lagrange multiplier term ^d'^ka 
where $ is the Lagrange multiplier; and (iii) eliminate the auxiliary field ka through its equations 
of motion). A redefinition of the symmetric field hab of [14] by a term ~ rjab^ enables one to absorb 
the scalar yielding the Pauli-Fierz action for the redefined symmetric field. 
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2.2 Vasiliev description of higher-spin fields 

In the discussion of duality for spin-two gauge fields, a crucial role is played by the 
first-order action (2.1.1), in which both the (hnearized) vielbein and the (hnearized) 
spin connection (or, rather, a linear combination of it) are treated as independent 
variables. This first-order action is indeed one of the possible parent actions. In 
order to extend the analysis to higher-spin massless gauge fields, we need a similar 
description of higher-spin theories. Such a first-order description has been given in [9]. 
In this section, we briefly review this formulation, alternative to the more familiar 
second-order approach of [6] (see Section 1 for the latter). We assume s > 1 and 
n > 3. 



2.2.1 Generalized vielbein and spin connection 

The set of bosonic fields introduced in [9] consists of a generalized vielbein 
^tM\ai...as-i s-iid ^ generalized spin connection LL'^\b\ai...as-i- The vielbein is completely 
symmetric and traceless in its last s — 1 indices. The spin connection is not only 
completely symmetric and traceless in its last s — 1 indices but also traceless between 
its second index and one of its last s — 1 indices. Moreover, complete symmetrization 
in all its indices but the first gives zero. Thus, one has 

6^|ai...as-i ~ C/i|(ai...a3_i) 5 b...as-i ~ ^ ' 

'^IJ,\b\ai...as-i = ^iJ.\b\(ai...as-i) > ^/i\{b\ai...as-i) = 0, 

%I.rc...a._, = , c.^|V...„._,=0. (2.2.1) 

The first index of both the vielbein and the spin connection may be seen as a space- 
time form-index, while all the others are regarded as internal indices. As we work at 
the linearized level, no distinction will be made between both kinds of indices and they 
will both be labelled either by Greek or by Latin letters, running over 0, 1, • • • ,n — l. 
The action was originally written in [9] in four dimensions as 

S-'M = J d'xs^^'''^ s^,,^uj;\-'---^[d,e^^,^,^^^^^^ (2.2.2) 

By expanding out the product of the two £-symbols, one can rewrite it in a form valid 
in any number of space-time dimensions, 

+(23^ , +(s- 2)Bf , )^H«2...a._i j (2.2.3) 

V /i|a2...as-ip V / a2\a3...as-ilJ,P'' i^J V / 

where 

B^,b\ai...as-i = 2cc;[/,|b]|ai...a,_i (2.2.4) 
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and where 

^Hu\ai...as-i _ Q[//gi^]|oi...as-i _ ^^/xi^|ai...a3_i ^2 2 5) 

4 

The field B^b\ai...as-i is antisymmetric in the first two indices, symmetric in the last 
s — 1 internal indices and traceless in the internal indices, 

Bnb\ai...as-i — -S[/ib]|ai...a3_n -B^fe|ai ...as_i — -B/i6|(ai...as_i)) ij,b\ai...as-2 ' (2-2.6) 

but it is otherwise arbitrary : given B subject to these conditions, one can always 
find an u such that (2.2.4) holds [9]. 

The invariances of the action (2.2.2) are [9] 

^(^IJ,\ai...aa-i ^//Coi...as-i ~l~ '^/i|ai...as_i j (2.2.7) 

S^^n\b\ai...as-i = di^Oib\ai...as-i + ^n\b\ai...as-i ) (2.2.8) 

where the parameters Q;^|ai...os_i and S^|6|a^ ..a^_^ possess the following algebraic prop- 
erties 

Oiv\{ai...as-i) — (^u\ai...as-i j (^{u\ai...as-i) = 0,0; \^a2...as-i ~ ^' ^i'\ai...as-3b'' ~ 0, 
'^n\b\ai...as-i S(//|6)|oi...as-i ^/i|6|(ai...as_i) ; S/i|(6|ai...Os-i) 0) 

^''|fe|ai...ae_i = ' ^V|f'«2...as-i ^ ^ ' ^ ^J.\b\al...as-3c'' ^ ^ ' (2.2.9) 

Moreover, the parameter ^ is traceless and completely symmetric. 

The invariance under the transformation with the parameter ^ can easily be 
checked in the action (2.2.2). Indeed, the latter involves the vielbein only through its 
antisymmetrized derivative d[i^ei,]\ai...as-i ? which is invariant under the given transfor- 
mation. 

The parameter a generalizes the Lorentz parameter for gravitation in the vielbein 
formalism. To show that the action is invariant under the transformation related to 
it, one must notice that the term bilinear in cu is symmetric under the exchange of 
the a;'s: 

A way to prove this property is to expand the product of ^-symbols and compare both 
sides of the equation. Schematically, the variation of the action (2.2.2) then reads 

/I 1 
d}x [5aOJ {de - -co) + u Sa{de - -a;)] 

= J d^xlSaUjde + LU Sa{de — Lu)] — J d^x [—d{SaUj) e + lu da{de — lu)] . 

We used (2.2.10) for the second equality, and, for the last equality, we supposed that 
there is no border term. The first term vanishes because the explicit derivative is 
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antisymmetrized with the derivative in 5^00. The second term vanishes because the 
variation of de is exactly the variation of ou . 

To understand the invariance involving the parameter E, let us decompose the 
fields uj, B and S into their traceless irreducible components. One has (see Appendix 
A) 



^l\b\al. 



~ I M I 

..Os-i L_J 



B 



/i!/|ai...as-i 



-'ix\b\a\_...as 



The field B is defined as a projection of uj. The decomposition into irreducible 
components shows that B contains all the irreducible components of u, except the 
one that has the symmetry of E, which we call uj^, ■ Conversely, all components of 
(jj except the latter can be expressed in terms of B . Since the action (2.2.2) can 
be written in terms of only B as (2.2.3), it is thus invariant under any shift of the 
component . since this is exactly how the transformation with parameter E acts, 
the action (2.2.2) is invariant under these transformations. 

In the Vasiliev formulation, the fields and gauge parameters are subject to the 
tracclcssness conditions contained in (2.2.1) and (2.2.9). It would be of interest to 
investigate whether these conditions can be dispensed with as in [20,21]. 



2.2.2 Equivalence with the standard second-order formula- 
tion 

Since the action (2.2.3) depends on oj only through S, extremizing it with respect to 
UJ is equivalent to extremizing it with respect to B. Thus, we can view iS*[e,c<;] as 
5"[e, B]. In the action S'[e, B], the field ^/'^'l"!-"--! is an auxiliary field. Indeed, the 
field equations for 5A"^I«i - "3-i enable one to express B in terms of the vielbein and 
its derivatives as, 

^Hu\ai...as-i _ 2^[A'g'^]|ai---as-i ^2 2 11) 

(the field UJ is thus fixed up to the pure gauge component related to E.) When 
substituted into (2.2.3), (2.2.11) gives an action S'^[e,B{e)] invariant under (2.2.7). 
The field e^|a^...a^_^ can be represented by 

e//|ai...as-i — hi^ai...as-i H ^ ['7/u(ai^a2...as_i) ~ '7(aia2^/ia3...0s_i)] 

+ /?M|ai...a._i , (2.2.12) 
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where hi^ai...as-i is completely symmetric, h'^^^ — /i'*^.. .^^ ^ is its trace, and the 
component (3n\ai...as-i possesses the symmetries of the parameter a in (2.2.7) and 
thus disappears from S'*'[e, c<j(e)]. Of course, the double trace h'^'^^i, ^s-i '^^ 
vanishes. The action S^[e{h)] is nothing but the one given in [6] for a completely 
symmetric and double-traceless bosonic spin-s gauge field h^ai a^-i, i-^- the action 
(1.2.8). 

In the spin-2 case, the Vasiliev fields are e^\a and oj^^a with ojy\i,\a = —uj^\a\b- The 
E-gauge invariance is absent since the conditions T,u\b\a — ~'^u\a\b, ^b\c\a — ^c\b\a i™ply 
'^u\a\b = 0. The gauge transformations read 

Se„\a = d^^a + Oiu\a, ^i^u\b\a = d„ab\a (2.2.13) 

with ai,\a — —0(a\v The relation between cu and B is invertible and the action (2.2.3) 
is explicitly given by 

S'[e,B] =-2 y"d"x[(i?„[,|^] - li^,^|„)(a['^e^]l'^ - ^E'^'^l^) + 2B'^^^{d^^e''\ - -^B^'^^ 

(2.2.14) 

Up to the front factor —2, the coefficient Y^j_y\a of the antisymmetrized derivative 
(^I/'gHk of the vielbein is given in terms of B by 

Y^iv\a = -Ba[MlH ~ 2^^^ ~ '^'na[iJ.B^]b\'. (2.2.15) 

This relation can be inverted to yield B in terms of Y, 

2 

B^^la = 2y;[MlH - (2.2.16) 

Re-expressing the action in terms of e^a and y^,/a gives the action (2.1.1) considered 
previously. 

2.3 Spin-3 duality 

Before dealing with duality in the general spin-s case, we treat in detail the spin-3 
case. 

2.3.1 Arbitrary dimension > 4 

Following the spin-2 procedure, we first rewrite the action (2.2.3) in terms of ei,\pa 
and the coefficient l^i^i^o- of the antisymmetrized derivatives of ei,\pa in the action. In 
terms of 0Jfx\i,\pa-i this field is given by 
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or, equivalently, 

^i/|aia2 — Bain\ua2 ~ ^-S;u;/|aia2 ~l~ '^Vtia\B ^j^^j "I" Vmi^ a2\Xi' (2.3.1) 

where antisymmetrization in /j,, i> and symmetrization in ai, 02 is understood. The 
field y^v|p<7 fulfills the algebraic relations F^i.|p^ = ^[HIp<^ = ^HiP'^) ^ ^■ 

One can invert (2.3.1) to express the field S^j/ip^ in terms of Y^j^^pf^. One gets 



B 



4 



^/ii/lpcT + 2[yp[^|y](^ + 5^(T[iu|i/]p] + n-i [ '^VpaYxlulu]^ + ^p^uV lA'^ + ^al^luV i4p\ 



3 

When inserted into the action, this yields 



+\[\y'''^"'Y,.\p. - Y'^^\'-Yp^\^ + ^r^'^i^y,,,/] } . 

The generalized vielbein ey\po- may again be viewed as a Lagrange multiplier since 
it occurs linearly. Its equations of motion force the constraints 

= (2-3.2) 

The solution of these equations is Yp„\p^ = d^Yxp,y\pa where Yxp.u\pa = Y\xp.v]\pa = 
Yxpu\{pa) and Y^^^^J^ = 0. The action then becomes 



5(Fa..|p^) = ^ / [—Y^'^'^Y.^lpa + Y^^\^'^Yp^^p^ - :^Y^^\\Y, 



p \p,\v J ) 



where Ypy\p„ must now be viewed as the dependent field Ypj,\p„ — d^Yx^^ipa ■ 
One now decomposes the field Yxnv\pa into irreducible components, 

^A.p|^^^^A.p|^^ + 5[A^H^^ (2.3.3) 

with X'^^^pp = 0, X^-^-^p. = X^'^^^l^, X'^'^^p. = and Z^^\ = zH. Since 

Z'^'^ ^ is defined by Eq. (2.3.3) only up to the addition of a term like d^ak""^ with 
arbitrary, one may assume Z^^ — 0. 

The new feature compared to spin 2 is that the field Z^^^ ^ is no longer entirely pure 
gauge. However, the component of Z^^" ^ that is not pure gauge is entirely determined 
by X^''^^ pa- Indeed, the tracelessness condition F^^'^'^o-^'"^ = implies 

2;[Mv] ^ _-^\vp.\ ^^^pa (2.3.4) 
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One can further decompose Zx^\u = ^\t,v + t^{\\n]w with (^^tiv = ^[ah = ^[^mIH 
and ^AiMi^ = ^Ai(Mi^) = ^aCmIv)- In addition, '^{x\^u) = Z^xn\u) = and "ifxinuV^" = 
Zx^\uV'^^ = 0. Furthermore, the a-gauge symmetry reads SZx^\u = '^[\\fi]u i-e, S^Xfiu = 
and 5^A|^tj/ = f ci^Al^j/- Thus, the \&-component of Z can be gauged away while its 
^-component is fixed by X. The only remaining field in the action is X^"^^ pa, as in 
the spin-2 case. 

Also as in the spin-2 case, there is a redundancy in the solution of the constraint 
(2.3.2) for Y^a\i3-/, leading to the gauge symmetry (in addition to the a-gauge symme- 
try) 

SY"^''L,,, = d^r'^''^ (2.3.5) 

where ■0''^'*'^' aia2 is antisymmetric in p, A, /x, u and symmetric in ai, 02 and is traceless 
on ai, a2, i.e. ■0''^'*'^' aia2^"^"^ — 0. This gives, for X, 

2.3.2 n = 5 and n = 4 

One can then trade the field X for a field T obtained by dualizing on the indices A, fi, 
V with the e-symbol. We shall carry out the computations only in the case n = 5 and 
n = 4, since the case of general dimensions will be covered below for general spins. 
Duahsing in n = 5 gives X^^'^' pc — ^s^^^^Tafjip^ and the action becomes: 

with Tpy\pa = Tf,^\(pa) = Tipu]\pa and Ti^u\p]a = 0. The gauge symmetries of the T field 
following from (2.3.5) are 

3 

STf,^\pa = -d[p,(fu]\ap + -^[d[f,<fu\a]p + d[f,(fii,\p]a\ , (2.3.7) 

where the gauge parameter ipaipcr ~ ^aXfiur'^^^'''^^ pa is such that (pa\pcr — 'PaUpa) ^-nd 
'^a\p'^ = 0. The parameter (poi\pa can be decomposed into irreducible components: 

Va\pa = Xapa + 0a(p|(T) whcrc Xapa = V^{a\pa} and (j)ap\a = lvia\p]a ■ The gaugc transfor- 
mation then reads 

STn„\pa- = dii^Xu]pa + o [-29[^0j.]p|(^ + S(f)p,„\(^a,p)] , (2.3.8) 
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and the new gauge parameters are constrained by the condition Xa\f + '^a\p' ~ ^■ 

These are the action and gauge symmetries for the field Tn^\p^ dual to e{fivp) in 
n = 5 ; they coincide with the ones given in [24,40,42,93]. 

In four space-time dimensions, dualization reads T^pa = S\p,paX^'^^\a- The field 
Taper is totally symmetric because of X^'^^^ pp, — 0. The action reads 



-If 



(2.3.9) 



The gauge parameter ip''^'^"^ ^j^^ can be rewritten as ■ip^'^^^^ ^^ai = (— l/2)£'^'^'^''A;aia2 
where ka^a^ is symmetric and traceless. The gauge transformations are, in terms of T, 
^Tp(ja — dpkcra + ^a^ap + d^kpa- The dualizatiou procedure yields back the Pronsdal 
action and gauge symmetries [6]. Note also that the gauge- invariant curvatures of 
the original field h^^p = e^p^p) and of T^jyp, which now involve three derivatives [8,94], 
are again related on- shell by an ^-transformation RappvpaWl ^ ^a/Sa'P' ^ pupa\T]-i as 
they should. 



2.4 Spin-s duality 

The method for dualizing the spin-s theory follows exactly the same pattern as for 
spins two and three: 

• First, one rewrites the action in terms of e and Y (coefficient of the antisym- 
metrized derivatives of the generalized vielbein in the action) ; 

• Second, one observes that e is a Lagrange multiplier for a differential constraint 
on y , which can be solved explicitly in terms of a new field with one more index; 

• Third, one decomposes this new field into irreducible components; only one com- 
ponent (denoted X) remains in the action; using the £-symbol, this component 
can be replaced by the "dual field" T. 

• Fourth, one derives the gauge invariances of the dual theory from the redun- 
dancy in the description of the solution of the constraint in step 2. 

We now implement these steps explicitly. 
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2.4.1 Trading B for Y 

The coefficient of Q^e'^^^"'^-"-^-^ in the action (2.2.3) is given by 

^fj,i/\ai...as-i — BaiiJ,\i/a2--as-i ~ _ ■^/"'^|ai--as-i 2^//ai-^ i/|Aa2...0s-i 

+ (s-2)77^„,i?\^|,,,3.„,^_^, (2.4.1) 

where the r.h.s. of this expression must be antisymmetrized in /i, v and symmetrized 
in the indices Cj. The field y^w\a^...as-\ is antisymmetric in and totally symmetric 
in its internal indices and traceless on its internal indices. One can invert Eq.(2.4.1) 
to express -B^,y|ai...a^_i in terms oiYjxv\ax...as-\- To that end, one first computes the trace 
of yixv\a^...as-i- One gets 

yX _ n + g — 4 . , _|_('o_o^^A \ 



2(s-l] 



Y 



A 



Ij\\a2—as-i 



s-2 
s-1 



,.|Aa2...a,_i s{n + S- 4) 

Using this expression, one can then easily solve Eq.(2.4.1) for B^y\ai...as-i-, 



{a2\a3---as-i)XlJ. 



B 



IJ.i/\ai...as-i 



\ai...as-i \i/a2---as-i 
P 



S 



(S - '^)r]a,i.Y^,p\,a,...a^J + (s - ^)r]ari.Y^ 



i/p\a2...as-i 



(2.4.2) 



where the r.h.s. must again be antisymmetrized in /x, v and symmetrized in the indices 
Oj. We have checked Eq.(2.4.2) using FORM (symbolic manipulation program [95]). 
The action (2.2.3) now reads 



cTx 



V , flWf,lA\"-i—'>-s-i I (^~^)^ _ V , yfiai\i'a2--as-i 



^ 2(s-l) "r(„+5_4)LV* ) ^ tiv\ai...as-2 



Ig 2)1^ M"y^aip|i/a2...as-2 1 

V ) pv\ai...as-2 pJ 

It is invariant under the transformations (2.2.7) and (2.2.8) 
Remember that CKi,\ai...as-i satisfies the relations 

Oi(i/\ai...as-i) — 0) |i/a2--as-i ~ ^' '-'^i^|ai... 0^-36 

while ^ai...as-i is completely symmetric and traceless. 



p 

(2.4.3) 



(2.4.4) 



2.4 Spin-s duality 



29 



2.4.2 Eliminating the constraint 

The field equations for e'^l"i - "''-i are constraints for the field Y, 

d''Y,^\a,...a._,^0, (2.4.5) 

which imply 

^i/|ai...as_i — 9 Y\ni,^ai...as-i i (2.4.6) 

where 1a^^|„,...„^_, = Y^xnv]\ai...as-i = YxMiar-.a.-i) and y^'^'^l" „„3...„^_^ = . If one 
substitutes the solution of the constraints inside the action, one gets 



5(nHai...a.-i)=-2^/^" 



X 



\r ■Yijiai\va2---as-i 
/i!^|oi...as_i 

I («-2) -Y , 'Ynv\a-i_...as-i i 1 \( _ Q^V /iT^i/p|ai...as-2 

"^2(s-l)-'M"^|ai-af-i-' („+5_4)Ll* "-"^ ;ii/|ai...as-2 

-(^ - 2)i;.|„,...„._/^"^''''^""-"^-%]] , (2-4.7) 
where Y^j^i,\ai...as-i = ^"^Xx/ii/iai-.-as-i- This action is invariant under the transformations 

= 3^!^ a'''"^„ „ (2.4.8) 

a\...as—i [a\ a2---as—i) ' ^ ' 

where av\ai...aa-i satisfies the relations (2.4.4), as well as under the transformations 

<^^"'^'a,...a._, = d.r"'''^ . (2.4.9) 

that follow from the redundancy of the parametrization of the solution of the con- 
straints (2.4.5). The gauge parameter ■0''^'^'^' ai-.a^-i is subject to the algebraic con- 
ditions r'''''^ = V''''"'''^'a...a.-, = r""'"^ and 

I p\lJ,u\ „aia2 _ Q 

oia2...as_i'/ " ■ 

2.4.3 Decomposing lA^ii/lai. .a«_i ~ Dual action 

The field Xx/ii/|ai...as-i can be decomposed into the following irreducible components 

Y''\...a^_, = + (2.4.10) 

where Aa2...a,-i ^ ' /"a3...a^_i = 0. The condition y-^'"'!" aa3...o,_i = implies 

^"^'\a....a._, = 0, (2.4.11) 
(h — I) 

'7{lJ.v\\] _ _\ lv-ixv\\a ('2 4 121 

a3...as-i ao3...0s-i " y^^.-^.j.^) 
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The invariance (2.4.8) of the action involves only the field Z and reads 

5^/ii/|ai...as-2 = aMi/]oi...a^-2 (2.4.13) 

Next, one rewrites ^jui/|ai...as-2 

Z , , , , + (2414) 

^ iiu\a\...as-2 — ^ ixu(ai\a2---as-2) ~ ^ \)x\v\a\...as-2 y^.^.i.^) 

s s 

with ^^ua^\a2...as-2 = Z[^u\ai]a2...as-2 ^nd ^'y^i^ai-a.-a = ^M^^iai-.-a.-a) • So the irreducible 
component $,ii/ai|a2...a^-2 of can be expressed in terms of X by the relation (2.4.12), 
while the other component '^n\uai...as-2 pure gauge by virtue of the gauge symmetry 
(2.4.13), which does not affect $^,.ai|a2...a,_2 and reads S"^ ^\uai...a,-2 = (l/2)Q;^|i.ai...o,_2 
(note that ^\uai...as-2 subject to the same algebraic identities (2.4.4) as (x^\uai...as-2)- 
As a result, the only independent field appearing in S{Y'^'^'^^ai...as-i) is ai-as-i- 
Performing the change of variables 

X'""^ a2...a. = (^4^^'"^'^-'"-^r6...;.n-3|a2...a. , (2-4.15) 

the action for this field reads 



Qerpbi...b„-3\a2...as Q rp 



e-^ 61. ..6„_3|o2... as 



-{n - 3)9er^''-^"-l«-«»9^r;,,...,„_3|„,...„, 

+ (S - l)[-9er^-^"-l^"-"^9^7;i...;,„_3|/a3...a. 

-2{n - 3)T/-^"-3l^«3...a.ae/j.^^^ 

_ 2)T^-^"-l%«-«»a^/T,,...,„_3|,;,„..„, 
-(n-3)9"T/''''''""''^"'"'''''9eT{ , 

^ ' 9 h2...bn-3\fa3...as 

^(a 9'\/5eT-Tbi...b„-3|c aA-.-asf^rp d 
-IjyS-ljai c 0'eJ&i...6„_3|(i a4...o, 

+ (n - 3)(n - 4)aer/^3...^>„-3|.a3...a.9.j./^^^ 

_ 2)(n - 3)9eT/-^«-3l^— ^a^T^,^ .,_3|, 
+ \{s - 2)(n - 3)aeT^''-^"-l%---^9/T^,,...,„_3|, 
-i(. - 2){s - 3)9eT''-^"-3l%— 9/7;^ ..,^_3|, -^^^^ . (2.4.16) 
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The field Tf,^...bn-3\a2...as fulfills the following algebraic properties, 



Tbi...bn-3\a2...aa 

Tbi...bn-3\a.2---a,s ^6i...6„_3|(a2...as) ) 
T[bi...b„-3\a2]---ae ~ 0) 
6i...6„_3|a2a3a4a6...as'/ '/ ^ ■> 

rp ^bia2 a-iUi r\ 

6l...&„_3|020304---as'/ '/ ~ ) 

the last two relations coming from Eqs.(2.4.12) and (2.4.11). 

Conversely, given a tensor Th^ i,^_^\a2...as fulfilling the above algebraic conditions, 
one may first reconstruct X'^^"^ a2-as such that X'^^"^ a2...as = X^'^^''\,,,a,, X^'^"^ a2-as — 
-^^^'^\a2 as) X'^'^^^ ua3...as = 0. One then gets the ^-component of Z'^'^^ a2...as-i 
through Eq.(2.4.12) and finds that it is traceless thanks to the double tracelessness 
conditions on Tt,^...b„_3\a2...as- 

The equations of motion for the action (2.4.16) are 

Gbi...b„-3\a2...a, = , (2.4.17) 

where 

(S _ 1) r 

G^6i...6„_3|a2...0s ~ -^&i...6„-3|a2...as ^ 2(n — '^)llbia2-^ b2—bn-3\ca3—a3 

+ {s — 2)r7a2a3-^fei...b„_3|c 04. ..as] ' 

and 

-'^ bi...bn-3\a,2---as l/cl^ bi...fe„_3|a2...as 

- (n - 3)9b^(9''Tc62...fe„_3|a2...a, - {S - l)9a2(9''Tfej...b„_3|ca3...a, 



[n '^)da2biT'^b2...bn-3\ca3-as + 2 ^a2a3^6i...6„_3|c '^04. ..aj ' 



and where the r.h.s. of both expressions has to be antisymmetrized in 6i...6„_3 and 
symmetrized in 02... Os- 

2.4.4 Gauge symmetries of the dual theory 

As a consequence of (2.4.9), (2.4.10) and (2.4.15), the dual action is invariant under 
the gauge transformations: 

AT" — r) /A 4- (■^ ~ -*-)(^ ~ ^) Q J, r[fgCl...Cn-4] 

"-t 6i...6„_3|a2...as — t^[6i S^'62-&n-3]|«2-.Os "T _|_ _g _ "/r'ci...c„_4|fla3...0s"[a26i...6„_3] ' 
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where the r.h.s. must be symmetrized in the indices and where the gauge parameter 

06i...6„_4|a2...a, ~ £6i...6„_4pAmj/'0''^''''' a2...a. IS SUCh that 

06i...6„_4|a2...as — 4'[bi...b„-4]\a2---as — 4^bi...b„-4\{a2--.as) i 
and 06i...6„_4| "aa4...a, = 0' 

This completes the duahzation procedure and provides the dual description, in 
terms of the field Th-^...b„-3\a2...asJ of the spin-s theory in n space-time dimensions. 
Note that in four dimensions, the field Ti,j^\a2...as has s indices, is totally symmetric 
and is subject to the double tracelessness condition. In that case, one gets back the 
original Pronsdal action, equations of motion and gauge symmetries. 



2.5 Comments on interactions 

We have investigated so far duality only at the level of the free theories. It is well 
known that duality becomes far more tricky in the presence of interactions. The point 
is that consistent, local interactions for one of the children theories may not be local 
for the other. For instance, in the case of p-form gauge theories, Chern-Simons terms 
are in that class since they involve "bare" potentials. An exception where the same 
interaction is local on both sides is given by the Freedman-Townsend model [96] in 
four dimensions, where duality relates a scalar theory (namely, a nonlinear cr-model) 
to an interacting 2-form theory. 

It is interesting to analyse the difficulties at the level of the parent action. We 
consider the definite case of spin 2. The second-order action i5[eab] (Eq.(2.1.2)) can 
of course be consistently deformed, leading to the Einstein action. One can extend 
this deformation to the action (2.1.1) where the auxiliary fields are included (see 
e.g. [85]). In fact, auxiliary fields are never obstructions since they do not contribute 
to the local BRST cohomology [72,90]. The problem is that one cannot go any more 
to the other single-field theory action S[Y]. The interacting parent action has only 
one child. The reason why one cannot get rid of the vielbein field is that it is 
no longer a Lagrange multiplier. The equations of motion for are not constraints 
on Y. Rather, they mix both e and Y. One is thus prevented from "going down" to 
S[Y] (the possibility of doing so is in fact prevented by the no-go theorem of [72]). 
At the same time, the other parent action corresponding to (2.1.5) does not exist 
once interactions are switched on. By contrast, in the Freedman-Townsend model, 
the Lagrange multiplier remains a Lagrange multiplier. 



Chapter 3 

Spin-5 electric-magnetic duality 



Since duality can be defined for higher spins, and since conserved external electric- 
type sources can easily be coupled to them, one might wonder whether magnetic 
sources can be considered as well. This chapter solves positively this question for 
all spins at the linearized level and provides additional insight in the full nonlinear 
theory for spin 2. 

We show that conserved external sources of both types can be coupled to any 
given higher (integer) spin field within the context of the linear theory. The presence 
of magnetic sources requires the introduction of Dirac strings, as in the spin-1 case. 
To preserve manifest covariance, the location of the string must be left arbitrary 
and is, in fact, classically unobservable. The requirement that the Dirac string is 
unobservable quantum-mechanically forces a quantization condition of the form 

^ g,,...^._,(^)P^^-^^-n^)ez- (3.0.1) 



2nh 



Here, the symmetric tensor P'^^'"^^^^ (u) is the conserved electric charge associated 
with the asymptotic symmetries of the spin-s field, while Qjj^---y,_-i^{v) is the corre- 
sponding "topological" magnetic charge. For s = 1, the asymptotic symmetries are 
internal symmetries and, actually, just constant phase transformations. The con- 
served charge P is the electric charge q while Q is the magnetic charge g, yielding 
the familiar Dirac quantization condition for the product of electric and magnetic 
charges. For s = 2 the conserved charges have a space-time index and the quan- 
tization condition reads (after rescaling the conserved quantities so that they have 
dimensions of mass) 

^ez. (3.0.2) 

h 

The quantity P^ is the "electric" 4-momentum associated with constant linearized 
diffeomorphisms (translations), while is the corresponding magnetic four- 
momentum. For a point particle source, P^ = Mu^ where M is the "electric" mass 
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and the 4-velocity of the electric source. Similarly, — Nv^ where N is the 
"magnetic" mass and the 4-velocity of the magnetic source. 

All this is just a generalization of the familiar spin-1 case, although the explicit 
introduction of the Dirac string is more intricate for higher spins because the gauge 
invariance is then more delicate to control. Indeed, there is no gauge invariant object 
that involves first derivatives of the fields only (s > 1). Hence, the Lagrangian is not 
strictly gauge invariant, contrary to what happens for electromagnetism, but is gauge 
invariant only up to a total derivative. 

A serious limitation of the linear theory for s > 1 is that the sources must move 
on straight lines. This follows from the strict conservation laws implied by the field 
equations, which are much more stringent for s > 1 than they are for s = 1. Thus 
the sources must be treated as externally given and cannot be freely varied in the 
variational principle. One cannot study the backreaction of the spin-s field on the 
sources without introducing self-interactions. This problem occurs already for the 
spin-2 case and has nothing to do with the introduction of magnetic sources. 

We do not investigate the backreaction problem for general spins s > 2 since 
the nonlinear theory is still a subject of investigation even in the absence of sources. 
We discuss briefiy the spin-2 case, for which the nonlinear theory is given by the 
Einstein theory of gravity. The remarkable Taub-NUT solution [97], which represents 
the vacuum exterior field of a gravitational dyon, indicates that Einstein's theory can 
support both electric and magnetic masses. 

This chapter is organized as follows. In Section 3.1, we consider in detail the 
linearized spin-2 case with point particle electric and magnetic sources. We introduce 
Dirac strings and derive the quantization condition. We then extend the formalism 
to higher spins (Section 3.2), again with point particle sources. In Section 3.3 we 
comment on the extension of magnetic sources and the quantization condition to the 
nonlinear context. 



3.1 Linearized gravity with electric and magnetic 
masses 

3.1.1 Electric and magnetic sources 

The equations of motion for linearized gravity coupled to both electric and magnetic 
sources are naturally written in terms of the linearized Riemann tensor Ra/sXfi, here- 
after just called "Riemann tensor" for simplicity. This is the physical, gauge-invariant 
object analogous to the field strength F^^, of electromagnetism. How to introduce the 
"potential", i.e. the symmetric spin-2 field h^^ — h„n will be discussed below. The 
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dual to the Riemann tensor is defined as 

We denote the "electric" energy-momentum tensor by T^'^ and the "magnetic" 
energy-momentum tensor by Q^^ . These are both symmetric and conserved, T^^ = 
rpu^,^ ^ Qu^,^ = 0, 9^^% = 0. It is also useful to define f^"' = T^^^ - i t^^^^ T, 
Qnu ^ Qnu _ I Q ^jjgj.g rp '^^^ Q ^j^g traces. We assume that T^"' and O'*'^ 
have the units of an energy density. We set c = 1 but keep G. 

The form of the equations in the presence of both types of sources is fixed by: 
(i) requiring duality invariance with respect to the 5'0(2)-rotations of the curvatures 
and the sources [26], 

^a|3\^l. = cos a RaiBXfi + sin a Sapx^,, S'^f^^^i = - sin a Rai3x,i + cos a Sa/sx^, 
T'aji = COS q; sin q; 6^/3, ©^^ = -sin a T^^ cos a 6^/3, 

and, (ii) using the known form of the equations in the presence of electric masses 
only. One finds explicitly the following: 

• The Riemann tensor is antisymmetric in the first two indices and the last two 
indices, but in general is not symmetric for the exchange of the pairs, i.e. 
Rapxn = -RfSaXn, Ra/sxn = -RaOnX with Ra^x^ ^ Rxnaf) (m the presence of 
magnetic sources). 

• In the presence of magnetic sources the cyclic identity is ^ 

RaPXn + Rl3XaiJ. + Rxa/SiJ. — SttG Ca/SXu ©'^^ ■ (3.1.1) 

This enables one to relate Ra/sxn to Rx^p through 

RapjS — RjSa0 — 47rG {Sag-fX^^S ~ ^adSX^^-y + ^p-fSX^^a ~ ^a^SX^^p) ■ (3.1.2) 

It follows that the Ricci tensor is symmetric, Rx^ = R^x. The Einstein tensor 
Gxn — Rxfj, — (l/2)?7A/i-R is then also symmetric. 

• The Bianchi identity is 

deRap-yS + daRpejS + dpRea-yS — SttG Seappip^^'^ g ~ (^S^^-y) ■ (3.1.3) 

Although there is now a right-hand side in the Bianchi identity, the contracted 
Bianchi identities are easily verified to be unaffected and still read 

G"% = 0. (3.1.4) 

^In terms of the Riemann tensor, this "identity" is a nontrivial equation and not an identity. 

It becomes an identity only after the Riemann tensor is expressed in terms of the spin-2 field h^^j 
introduced below. We shall nevertheless loosely refer to this equation as the (generalized) cyclic 
identity. A similar remark holds for the Bianchi identity below. 
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• The Einstein equations are 



(3.1.5) 



or equivalently, R^^ — SnG T^^, and force exact conservation of the sources 
because of the contracted Bianchi identity, as in the absence of magnetic mass. 

The equations are completely symmetric under duality. Indeed, one easily checks 
that one gets the same equations for the dual curvature Sa/sxi^ with the roles of the 
electric and magnetic energy-momentum tensors exchanged. In the course of the 
verification of this property, the equation 



which follows from Eqs.(3.1.2), (3.1.3) and the conservation of Q'^" is useful. Further- 
more, in the absence of magnetic sources, one recovers the equations of the standard 
hnearized Einstein theory since the cychc and Bianchi identities have no source term 
in their right-hand sides. 

The formalism can be extended to include a cosmological constant A. The relevant 
curvature is then the MacDowell-Mansouri curvature [11] linearized around (anti) dc 
Sitter space [27]. In terms of this tensor, the equations (3.1.1), (3.1.3) and (3.1.5) 
take the same form, with ordinary derivatives replaced by covariant derivatives with 
respect to the (anti) de Sitter background. 

3.1.2 Decomposition of the Riemann tensor - Spin-2 field 

We exhibit a variational principle from which the equations of motion follow. To that 
end, we first need to indicate how to introduce the spin-2 field h^,^. 

Because there are right-hand sides in the cychc and Bianchi identities, the Rie- 
mann tensor is not directly derived from a potential hf^iy. To introduce hf^i,, we split 
R\na/3 into a part that obeys the cyclic and Bianchi identities and a part that is fixed 
by the magnetic energy-momentum tensor. Let be such that 




(3.1.6) 



(3.1.7) 



with 
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Using da ^"^^^ = IBttC ©'^^ - 9^$^, = "i^^, one easily verifies that the cychc and 
Bianchi identities take the standard form when written in terms of Vapxn, namely, 

Hence, there exists a symmetric tensor h^^i, such that Vapxfj. = — 2(?[^/ia][A,/<]- 
If one sets y^^^ = e^^P^dph^r-y = —y^\-, one may rewrite the curvature as 

Rx,.p = \ ex,pa - d^Y'^a) , (3-1-8) 

with 

(3.1.9) 

(note that y^"^ = y^"^ and that dpy^"^ = 0). 



3.1.3 Dirac string 

We consider point particle sources. The particles must be forced to follow straight 
lines because of the conservation equations T'^'^^ = and 0^^^ = 0. If -u^ is the 
4- velocity of the electric source and the 4-velocity of the magnetic source, one has 

T"„ = M«„/dA^(^.(.-.(A))i^ e^„=iV.„/dA*(^.(.-.(A,r. (3.1.10) 

where z'^{X) and ^'^(A)) are the worldlines of the electric and magnetic sources re- 
spectively, e.g. u'^ = dz^/ds. Performing the integral, one finds 



^ ^s^^\x - zix'')), Q'^" = ^<5(^)(f - f(x°)) . 

The tensor ^'^^^ introduced in Eq.(3.1.6) can be constructed a la Dirac [30], by 
attaching a Dirac string y^^{X,a) to the magnetic source, y^{X,0) = z'^{\). (The 
parameter a varies from to oo .) One has explicitly 

^''^^ ^ IQttG Nv^ J dXdaiy'^'f -ry'^)5^^\x-y{\(j)), (3.1.11) 

where 

One verifies exactly as for electromagnetism that the divergence of is equal to 
the magnetic energy- momentum tensor (up to the factor IGvrG). What plays the role 
of the magnetic charge g in electromagnetism is now the conserved product Nv^^ of 
the magnetic mass of the source by its 4-velocity. This is the magnetic 4-momentum. 
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3.1.4 Variational principle 
Action 

When the curvature is expressed in terms of hf^i, as in Eq.(3.1.8), the expressions 
(3.1.1) and (3.1.3) are identically fulfilled and the relations (3.1.5) become equations 
of motion for h^i,. These equations can be derived from a variational principle which 
we now describe. 

The action that yields (3.1.5) is 

S[h,,{x),y^{X,a)] = :^ J ^ {Y^f^^Y^^^ -Y^Y^) d'x +^ J h.^T^'^d'x. (3.1.12) 

One varies the fields /i^,^ and the coordinates of the string (with the condition that 
it remains attached to the magnetic source), but not the trajectories of the sources, 
which are fixed because of the conservation laws d^T^^ = and d^Q^^ = 0. This is 
a well known limitation of the linearized theory, present already in the pure electric 
case. To treat the sources as dynamical, one needs to go beyond the linear theory. 
If there is no magnetic source, the first term in the action reduces to 

which is the Pauli-Fierz action. Its variation with respect to hap gives — times 
the hnearized Einstein tensor G"^. It is straightforward to verify that the variation of 
the first term in the action with respect to still gives — ybI^ times the linearized 
Einstein tensor G"^ with correct ^^'^^ contributions even in the presence of magnetic 
sources. So, the equations of motion that follow from (3.1.12) when one varies the 
gravitational field are the Einstein equations (3.1.5). 

Extremization with respect to the string coordinates does not bring in new con- 
ditions provided that the Dirac string does not go through an electric source (Dirac 
veto). 

The action (3.1.12) was obtained by using the analysis of source- free linearized 
gravity in terms of two independent fields given in Section 2.1 [15], which enables one 
to go from the electric to the magnetic formulations and vice-versa, by elimination 
of magnetic or electric variables. As one knows how to introduce electric sources 
in the electric formulation, through standard minimal coupling, one can find how 
these sources appear in the magnetic formulation by eliminating the electric variables 
and keeping the magnetic potentials. So, one can determine how to introduce electric 
poles in the magnetic formulation, or, what is equivalent, magnetic poles in the electric 
formulation. 
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Gauge invEiriances 

Diffeomorphism invariance 

The action (3.1.12) is invariant under linearized diffeomorphisms and under dis- 
placements of the Dirac string (accompanied by appropriate transformations of the 
spin-2 field). The easiest way to show this is to observe that the first term in the 
action (3.1.12) is invariant if one shifts Y^'^^ according to 

y^'a ^ Y'^'c + S^dpz"' - S'^d.z^' + daz^^ , (3.1.13) 

where z'^'^ = —z"^ is arbitrary. This is most directly verified by noting that under 
(3.1.13), the tensor Y^'^^ defined in Eq.(3.1.9) transforms simply as 

Y^l^Y'^^'^ + d^z^'' (3.1.14) 

and this leaves invariant the first term in (3.1.12) up to a total derivative. Note that 
the Riemann tensor (3.1.8) is strictly invariant. The transformation (3.1.13) can be 
conveniently rewritten as 

y^'a ^ + e'^'^'dpa,^ , (3.1.15) 

where a^a = -daa is given by a^a = yaa/s-/^^"'- 
A (linearized) diffeomorphism 

V + ^mCi^ + ^^^Cm (3.1.16) 

(with the string coordinates unaffected) modifies Y^'^^ as in (3.1.15) with a^a — da^a — 
daCa (note that the term d^^^^ce in ^cra does not contribute because d^pd^jj^a = 0). Hence, 
the first term in the action (3.1.12) is invariant under diffeomorphisms. The minimal 
coupling term is also invariant because the energy-momentum tensor is conserved. It 
follows that the complete action (3.1.12) is invariant under diffeomorphisms. 

Displacements of the Dirac string 

An arbitrary displacement of the Dirac string, 

l/"(r,a)^l/"(r,a) + 5|/"(r,a) (3.1.17) 

also modifies F^"^ as in (3.1.15) provided one transforms simultaneously the spin-2 
field h^i, appropriately. Indeed, under the displacement (3.1.17) of the Dirac string, 
the quantity ^'^'^^ changes as ^^"^ — > ^^"a + ^^'^a where k^'^^ can be computed from 
5y'^{T,a) through (3.1.11) and has support on the old and new string locations. Its 
exphcit expression will not be needed. What will be needed is that it fulfills 



(3.1.18) 
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because the magnetic energy-momentum tensor is not modified by a displacement of 
the Dirac string. The field Y^^"^ changes then as 

y^'a ^ y^'a + e^^'^dpSK^ + k^'\ (3.1.19) 

where 5hfja is the sought for variation of h^a- By using Eq.(3.1.18), one may rewrite 
the last term in Eq.(3.1.19) as dpt^'^^^ for some t^'^''^^ = t^^^^\. Again, we shall not 
need an explicit expression for t^'^'^^, but only the fact that because k^"\ has support 
on the string locations, which do not go through the electric sources (Dirac veto), one 
may choose t^^^^ to vanish on the electric sources as well. In fact, one may take t^'^^^ 
to be non- vanishing only on a membrane supported by the string. Decomposing t^'^^^ 
as t^'^^ci ~ s^''^'^ {S(^a + o,aa), ^aa = S(o-q,), ttcra = ^[cra] and taking /i^a to transform as 
haa — haa — Saa One sccs from Eq.(3.1.19) that the variation of y**^ takes indeed the 
form (3.1.15). The first term in the action is thus invariant. The minimal coupling 
term is also invariant because the support of the variation of the spin-2 field does not 
contain the electric worldlines. 

One can also observe that the variation ^Tappa vanishes outside the original and 
displaced string locations. This implies 5/1^/3 — daC)3 + c^/j^a except on the location of 
both strings, where induces a delta function contribution on the string ( "singular 
gauge transformation"). The explicit expressions will not be given here. 



Identities 

The identities which follow from the invariance (3.1.13), or (3.1.15), of the first 
term 

in the action may be written as 



They imply that 



' -.G"-' - I tSt I e^'-'^ (3-1-21) 



IGttG Sh. 




(3.1.22) 



from which the contracted Bianchi identities are easily seen to indeed hold. 

The expression (3.1.8) of the Riemann tensor in terms of makes it clear that 
it is invariant under (3.1.14) and thus, invariant under both diffeomorphisms and 
displacements of the Dirac string. 
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3.1.5 Quantization condition 

Because of the gauge invariances just described, the Dirac string is classically un- 
observable. In the Hamiltonian formalism, this translates itself into the existence of 
first-class constraints expressing the momenta conjugate to the string coordinates in 
terms of the remaining variables. Demanding that the string remains unobservable in 
the quantum theory imposes a quantization condition on the charges, which we now 
derive. The argument follows closely that of Dirac in the electromagnetic case [30] . 

Working for simplicity in the gauge ip — \ (which eliminates y° as an independent 
variable), one finds the constraints 

dL 

^^^-327:GNy'-v,-g^. (3.1.23) 

The right-hand side of Eq.(3.1.23) generates the change of the gravitational field that 
accompanies the displacement of the Dirac string. It is obtained as the coefficient of 
the variation of y„, in the action. 

In the quantum theory, the wave functional i/j must therefore fulfill 

We integrate this equation as in [30] , along a path in the configuration space of the 
string that encloses an electric source. One finds that the variation of the phase of 
the wave functional is given by 

A* = _ ^^^GNv, J ^ _ ^^^^ ^ ^3_^_24) 

where the integral is taken on the two-dimensional surface enclosing the electric 
source. Using the Gauss theorem, this can be converted to a volume integral. 



n J " \dY^J^ 



Because e"^"'^dp ^ gy^n j = the variation of the phase becomes, upon use of the 
constraint (initial value) Einstein equations G^'^ = SttGT^'^, 

h J h ' 

For the wave functional to be single-valued, this should be a multiple of 27r. This 
yields the quantization condition 

^ = nez. (3.1.25) 

h 
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Introducing the conserved charges P''', Q'^ associated with the spin-2 theory (electric 
and magnetic 4-momentum) , this can be rewritten as 

l^.Z. (3.1.26) 

It is to be stressed that the quantization condition is not a condition on the electric 
and magnetic masses, but rather, on the electric and magnetic 4-momenta. In the 
rest frame of the magnetic source, the quantization condition becomes 

^GEN 

ez, (3.1.27) 

h 

where E is the (electric) energy of the electric mass. Thus, it is the energy which is 
quantized, not the mass. 

We have taken above a pure electric source and a pure magnetic pole. We could 
have taken dyons, one with charges (P'*', Q^)., the other with charges {P"' , Q"'). Then 
the quantization condition reads 

4G {P.Q-r - P.Q-y) ^ AGe^.Q'^Q^ ^ ^ ^ ^^^^^^ 
h h 

since the sources are pointlike (0-dyons). Here = {P^,Q^), a,b = 1,2 and is 
the 5'0(2)-invariant Levi-Civita tensor in the 2-dimensional space of the charges. 



3.1.6 One-particle solutions 

Electric mass 

We consider a point particle electric mass at rest at the origin of the coordinate 
system. The only non-vanishing component of its electric energy momentum tensor 
is r°°(x°, x) = MS^^\x) while Qf"" vanishes. There is no Dirac string since there is no 
magnetic mass. The metric generated by this source is static. The linearized Einstein 
equations are well known to imply in that case the linearized Schwarzschild solution, 
namely in polar coordinates 

2GM , , 

hoo — — hrr, other components vanish, 

r 

or in Cartesian coordinates 

2GM , 2GM 
hoo — ) — — - — XiXj, other components vanish. 
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Indeed, one then finds 



Rosab — — RabOs , 

Rpqab = {OpaOqb - OpbOga) I — + —0[x) I , 

-3M = dga r dpb =- + Ogb 

and thus Rqq = AttG M6^{x), Rab = 'inG M 5ab5^{x)- The solution can be translated 
and boosted to obtain a moving source at an arbitrary location. 

Magnetic mass 

We now consider the dual solution, that is, a point magnetic mass sitting at the 
origin. We have e°°(a;0,f) = N5^^\x) as the only non- vanishing component of the 
magnetic energy-momentum tensor. Furthermore, T^^ — 0. The solution is linearized 
Taub-NUT [97], with only magnetic mass, i.e. , in polar coordinates, 

houp = —2N(1 — cos 9), other components vanish. 

With this choice of ho^p the string must be taken along the negative 2;-axis in order 
to cancel the singularity at = vr. The tensor ^"^x given by 
$°^o = —l67iN9{—z)6{x)6{y) (other components vanish). 

One then finds the only non- vanishing components (in Cartesian coordinates) 

y>0 \ f f 



Here, Y'"'^ differs from by a gauge transformation (3.1.14) with z^^ = e'™^/iop, 
^Om _ g^j^^ hence gives the same curvature. Dealing with Y'"'^ rather than Y"^ 
simplifies the computations. It follows that the curvature is given by 

RosOb — 0, Rlmab = 0, 

fSxbXs 5bs 47r \ 

^ImOb — J-^^lras ^ T —Obs(>\X) , 

\ r° r"^ 6 J 

D OAr '^^ OAT ( ^bXk XaXk\ 
Romab — ^J^^abm ( ^ + ~3~ / ~ gmftfc ^5 j , 

which satisfies the equations of motion, R^p — , and 

Roijk + RijGk + RjOik — 4:7: N E ij kS (x) = —8TTeoijxQ\ . 
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Finally, one easily checks that the hnearized Riemann tensor of linearized Taub- 
NUT is indeed dual to the linearized Riemann tensor of linearized Schwarschild. In 
that respect, the reason that it was more convenient to work with Y'"^ instead of 
F"^ above is that it is Fno^^ that is dual to y^ch^.j- While the curvatures are dual, 
the original quantities F"^ are dual up to a gauge transformation (3.1.14). 



3.2 Magnetic sources for bosonic higher spins 

We now indicate how to couple magnetic sources to spins greater than two. The 
procedure parallels what we have just done for spin 2 but the forniTilas arc somewhat 
cumbersome because of the extra indices on the fields and the extra trace conditions 
to be taken into account. The formalism describing higher spin fields in the absence 
of magnetic sources has been recalled in Section 1. 

The spin-s curvature Rniuiij,2i'2-iJ,si's g^-uge invariant object in terms of which 

we shall first write the equations of the theory. Its index symmetry is described by 
the Young tableau 

H-L „ H'-Z ■ ■ ■ H'S 

(3.2.1) 
(3.2.2) 
(3.2.3) 



M2 




Ms 


•^2 




•^3 



I.e. 



and 



Its dual, defined through 

1 



fj.2iy2---fJ.sI^a ' 



has the same symmetry structure. Note that, just as in the spin-2 case, this does not 
define an irreducible representation of the linear group. But, also as in the spin-2 
case, we shall find that only the irreducible part described by 



Ml 


M2 




Ms 











(3.2.4) 



{i.e. , fulfiUing also Eq. (3.2.3) for i = 1) corresponds to the independent degrees of 
freedom (the rest being determined by the sources). 

The electric and magnetic energy-momentum tensors will be denoted by 
^/iiM2- Ms ^iid ^/ii//2 --Ms- They are conserved, i.e. divergence-free. 

Their double traceless parts are written T^^^^...^^ and 6/^1,^2 • ms) ^^^1 are the tensors 
that actually couple to the spin-s field. 
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3.2.1 Electric and magnetic sources 

The equations in the presence of both electric and magnetic sources are determined 
again by the requirements: (i) that they reduce to the known equations with electric 
sources only when the magnetic sources are absent, and (ii) that they be invariant 
under the duality transformations that rotate the spin-s curvature and its dual, as 
well as the electric and magnetic sources. 

Defining e^^^^-.-^, = e^^^^-.-^, - iVinin2%^-i_c,) , and f^i^^...^, similarly, one finds 
the following set of equations for the curvature: 

-^/Uli^l/i2^'2---/Us!^s^ ^ ^ ~ 2 '^^1'*2[M3[---[A's,!^3]— ]f3] ' (3.2.5) 
R[fJ,lUllJ,2]'^2-tlst^s ^ g ^^^i-'^'^^^2P^'^U2[^i3[■■■[fJ,s,l'a]■■■]u3] ' (3.2.6) 
d[aRniUl]n2V2-Hsl^s — ~2 ^°Wl^®V2[/i3[-[Ms,i's]-]i^3]!^2] ' (3.2.7) 

The first equation is the analog of the Einstein equation (3.1.5), the second is the 
analog of the modified cyclic identity (3.1.1), while the third is the analog of the mod- 
ified Bianchi identity (3.1.3). It follows from these equations that the dual curvature 
obeys similar equations, 

^iJiiviix2i^2—iJ'si^s'n ^ ~ 2 ^ ^^'^l^2[^^3[—[^^s,'^3]—]f3] ' (3.2.8) 

S[^lll^ltJ-2]l^2■■■^lsl^s — ~g ^Ml'^lA'2P^'';/2[M3[-K,i^s]-]i^3] ' (3.2.9) 
d[aSij.j^Ul]fl2l^2-l^sl's = 3 ^a/ili/ip^^[^2[/i3[-[/i<„!^s]-]i^3]l'2] ' (3.2.10) 

exhibiting manifest duality symmetry. 

3.2.2 Decomposition of the curvature tensor 

As in the spin-2 case, the curvature tensor can be expressed in terms of a completely 
symmetric potential h^^...^^ and of a tensor fixed by the magnetic energy- 

momentum tensor, so that the cyclic and Bianchi identities do indeed become true 
identities. 

Let ,„ „ , be such that 

and let "l^"" ^^...^^ ^ be the part of ^^"^ that is traceless in the indices /^i • • • /J^s-i- 

For computations, it is useful to note that 

d ^Q" - ~ Q'" 

m-Ha-l ^ m-Ha-l A 'I{IJ.1IJ,2^ tJ.3-IJ.s-l) ' 
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where primes denote traces. The expression of the tensor ^'"^ in terms of the 

Dirac string is given below. The appropriate expression of the curvature tensor in 
terms of the spin-s field and the Dirac string contribution is 

-R/il 1/1/^2 1^2- -Ms = ~2 ^Mli^lPO--^^ [/i2[/i3[-[/ia,l'3]-]l'3]i^2] ' (3.2.12) 



where 



The split of Y^" into an X-part and a $-part defines a split of the Ricmann 

tensor analogous to the split (3.1.7) introduced for spin 2. The Dirac string contribu- 
tion ($-term) removes the magnetic terms violating the standard cyclic and Bianchi 
identities, leaving one with a tensor r^iiyi/i2i^2 --Ms'^s th^aX fulfills 

and thus derives from a symmetric potential (the spin-s field h^-^...^^) as 

'"Ml'^lM2f2— Msi^a ~ ~2 ^[//i[^2 — [Ms,!^s]— I'2]s'l] (3.2.14) 

(see Section 1). The X-term in the curvature is a rewriting of (3.2.14) that is con- 
venient for the subsequent analysis. The potential h^-^...^^ is determined from the 
curvature up to a gauge transformation with unconstrained trace. The fact that only 
^'"^ - appears in the curvature and not ^'"^ is a hint that only the double 

traceless part 0^^...^^ of the magnetic energy- momentum tensor plays a physical role. 



3.2.3 Equations of motion for the spin-s field 

In terms of the potential, the remaining equation (3.2.5) is of order s. In the sourceless 
case, one replaces it by the second-order equation written first by Pronsdal [6]. This 
can be done also in the presence of both electric and magnetic sources by following 
the procedure described in [21,24]. The crucial observation is that the curvature is 
related as in Eq. (1.2.5), namely, 

^HlVllX2V2—lJl.sVa'n ^ ^ — ~2^iJ'llJ'2\P'Z[—[lJ'S,l's\—]l'3\ 1 (3.2.15) 

to the generalized Fronsdal tensor given by 

= -\e,,,^x[d^y'\...,, -{s-l) d^,,Y^^\^,„^^^ , (3.2.16) 
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so that Eq.(3.2.5) is equivalent to i^wM2[M3[-[M.,^,]-]'^3] + ^miM2[/^3[-[m.,^.]-]^31 = 0- This 
imphes F,,^^^^^...^^ + Tf,,^2f^,...^,^ = <9(^im2M3^M4-m.) some A^,...^^ [43,79,98]. By 
making a gauge transformation on the spin-s field, one can set the right-hand side of 
this relation equal to zero (see Section 1), obtaining the field equation 

-^MlM2/i3— Ms "I" ^/ilM2/i3— Ms ~ ' (3.2.17) 

which fixes the trace of the gauge parameter. When s = 3 this is the end of the story. 

For s > 4 additional restrictions are necessary, namely, we shall demand that the 
gauge transformation that brings the field equation to the form (3.2.17) eliminates at 
the same time the double trace of the field h^^...^^ (see [21] for a discussion). 

In terms of the generalized Einstein tensor defined as in (1.2.7), i.e. 

^f^iH2-ns — -^MiM2---Ms ^ ^(mim2-^//3-jhs)p (3.2.18) 

the equations become 

^MiM2M3---Ms ~^ -^MiM2M3---M3 ~ (3.2.19) 

We shall thus adopt (3.2.19), with the Einstein tensor, Fronsdal tensor and Y- 
tensor defined as in (3.2.18), (3.2.16) and (3.2.13), respectively, as the equations of 
motion for a double traceless spin-s field hn^...^^. These equations imply Eqs. (3.2.5) 
through (3.2.10) and define the theory in the presence of both electric and magnetic 
sources. It is these equations that we shall derive from a variational principle. 

3.2.4 Point particles sources - Dirac string 

For point sources, the tensors that couple to the spin-s field read 

J 

and 

^m—s-i _ ^^.^1 . ..^•^s-i J dXd(''\x - z{X))^>' = N ^^^'^' '^^ ^(^)(f - f(a:°)) . 

One can check that they are indeed conserved. 

A tensor that satisfies Eq.(3.2.11) can again be constructed by attaching 

a Dirac string y'*(A, a) to the magnetic source, y'*(A, 0) = z'^{X). One has 

^"^7i-7s-i = ^^71 • • • ^7s-i / dXdaiy'^y'' - ry'^)5^'\x - y{\ a)) . 
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One can compute explicitly the conserved charges associated with asymptotic 
symmetries for electric point sources (see Section 1). Using the equations of motion, 
they read 

where f^^"'^^-^{u) is the traceless part of u^^ • ■ -u^^-^. It reads 



. . . ^A»2i-lA'2i^A*2i+l . . . Xi'^s-l) jxij^' 



where the sum goes over I — 0, 1, • • • such that 21 < s — 1, ag — 1 and cc^+i 

(s-l-20(5^2-2Z) 
4{«+l){s-l-0 • 

The dual magnetic charges 
are also conserved. 



3.2.5 Variational Principle 
Action 

The second-order equations of motion G^^...^^ + T^i-.-y, — equivalent to Eq.(3.2.5), 
are the Euler-Lagrange derivatives with respect to /I'l'i 'i'^ of the action 



(3.2.20) 



where 



is -I) 



Y, 



Ixvai-'-as-i 



2) 



2{s - 1) 



Y 



liuai---as-i 



Cs-Sl (<i-2) 



One can check that this action reduces to the usual action (1.2.8) in the absence of 
sources. As in the spin-2 case, the trajectories of the electric and magnetic sources are 
kept fixed, i. e. , the sources are not dynamical. The magnetic coupling in the action 
was obtained by introducing the familiar minimal electric coupling in the "parent ac- 
tion" (2.4.3) of the preceding chapter, which contains two potentials, and determining 
what it becomes in the dual formulation. 



3.2 Magnetic sources for bosonic higher spins 
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Gauge inv£iriances 

We now verify that the action (3.2.20) is invariant under the gauge symmetries (l-l-l) 
of the spin-s field as well as under displacements of the Dirac string (accompanied by 

an appropriate redefinition of /i^i...^J. 

To that end, we first observe that the first term in the action (3.2.20) is invariant 
under the following shifts of Y^^'^^^ „ , : 

(jy^- ^^ A/^ QJ- ^ + 5ra,-^''" ^, (3.2.21) 

ai---as-i P (ai a2---as-i) P (.o^i a2---Q;3_i) a2---as-i) ' ^ ' 

where z'^''^^,,,^^_^ — — ^'^"(ai-a 2) arbitrary traceless tensor that 

satisfies r]°'^^^z^^^ai-as-2 — when s > 2. Under this transformation, Yi^^ ^_^,„^^__^ 
transforms as SY'^'^^^ „ , = dfa^z^" x, which makes it obvious that the curva- 

ture and the Fronsdal tensor arc invariant under (3.2.21). 
The transformation (3.2.21) can be conveniently written 

^^'^'^ ai-as-i ~ ^'^'^'^'^ 9paaaia2-as-i i (3.2.22) 
where 0|jaia2---as-i — (^aiaa2---ois-i — ^(TQ;i(a2 --Q;3-i) givCn by 

<^aaia2-as-i — 2^(jPjai^^'^ a2-ae-i ' (3.2.23) 

is traceless and satisfies a[aaia2]a3-as-i — when s > 2. 

Standard spins gauge invariance 

Direct computation shows that the gauge transformation (1.1.1) of the spin-s field 
acts on ^'^'^ai - as-i transformation (3.2.22) with 

(s - 1) 

(^pcr{ai---as-2) ^ 9[p^a]ai---as-2 

S 



, {s-l){s-2) 

S2 



Vpiai^ ^a2---a3-2)Xa Vcr{ai9 Ca2 --Q:s-2)Ap ■ 



It follows from this fact and the conservation of the energy-momentum tensor that 
the action (3.2.20) is invariant under the standard gauge transformation (1.1.1) of 
the spin-s field. 



Displacements of the Dirac string 

The displacements of the Dirac string change ^^"ai-as-i ^ 
^^'^"ai-as-i — ^'^"ai-as-i ' whcrc dfj^k^"" — 0. The latter equation imphes that 
k^\,-a.., = dxK'^''\,-a..v where K'^''\,...^^_, = K^^'^'l-a.^,. Let K''''\,...^^_, be 
the part of K'^'^\^,_,^^_^ that is traceless in ai • • -as-i, it can be decomposed as 

ai---as_i ai-'-a^-i ' (01^ a2---as-i) ' 
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where x""^ a,-a,., and y'"'^^...^^_^ satisfy 

•^^ ai-as-i ai-Os-i (ai---as_i) ' ai-ag-i^X 

y a2---Q:s-i y a2---as-i y (a2---as-i) ' ^ o.2---as-i f ' 
'/ y ai--as-i 2 ai---as_i'/ ai--as_i'/ 

For the action to be invariant under displacements of the string, the variation of 
^^^af-as-i ^as to be supplemented with an appropriate transformation of hai---as- 
This transformation reads Shai-a^ = ^ £fiu\(ai ^^^^a2 - as) • I^^deed, when one performs 
both variations, ^^^'^ai -a^-i transforms as in (3.2.21), so the first term in the action 
is invariant. Furthermore, the electric coupling term is invariant as well because the 
support of the variation of the spin-s field does not contain the electric worldlines. 



Identities 

The identities that follow from the invariance (3.2.21) - or (3.2.22) - of the first 
term jC in the action may be written conveniently in terms of 



dC 



and its trace A'^^-f--^ = A'^^^-^^-^rja-y, . They read 
Using these identities, one checks the following relation. 



Q-yi-'-ys _ _ ^(7172---7s) _|_ (-S 1)(-S ^) ^(7172^/^/73- 



•7.) 



_ ^7l72---7s _|_ (-S 1)(-S ^) ^(7273^/[/74---7s)7l ^3 2 24) 



which will be used in the following section. 



3.2.6 Quantization condition 

As for spin 2, the unobservability of the Dirac string in the quantum theory leads to 
a quantization condition. The computation proceeds exactly as in the spin-2 case. 
In the gauge y° = A, the unobservability constraints read 

djC 



^-t 7i...7s_i 



3.3 Beyond the lineetr theory for spin two 
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In the quantum theory, the wave functional ip must thus fulfill 



7l---7s-l 



Integrating this equation along a path that encloses an electric source, one finds the 
following variation of the phase of the wave functional 

« J uj: 7i-7a-i 



where the integral is taken on the two-dimensional surface enclosing the electric 
source. Using the Gauss theorem, this can be converted into a volume integral. 



N r 



P \ fiymn 



Using the relations (3.2.24), one checks that 



where the dots stand for terms of the form T]^"/i"i2X"'^"'"'''-'^\ Upon use of the Einstein 
equations G'Oti -Ts-i = _y07i -7s_i^ ^j^g variation of the phase becomes. 

For the wave functional to be single- valued, this should be a multiple of 27r. This 
yields the quantization condition 

MN 

-^U-js-,{v)r'-''-'{u)^n, nez. (3.2.25) 
Introducing the conserved charges P')'i - T''-i, Qti -to-i^ this can be rewritten as 

^ g7i-7.-iM^^""^^-H«)eZ- (3-2.26) 



27rh 



3.3 Beyond the linear theory for spin two 

We have seen that magnetic sources can be introduced for linearized gravity and 
linearized higher-spin theories, and that an appropriate generalization of the Dirac 
quantization condition on the sources must hold. However in the linear theory the 



52 



Spin-s electric-magnetic duality 



treatment is already unsatisfactory since the sources must be external. In the full 
nonlinear theory even the introduction of external sources is not possible. For spin 2 
the difficulty stems from the fact that the source must be covariantly conserved and 
for spins > 2 the formulation of the nonlinear theory is still incomplete. 

Nevertheless, we shall comment on the issue of duahty in the spin-2 case, for which 
the nonlinear theory in the absence of sources is the vacuum Einstein theory of grav- 
itation. This is the "electric" formulation. Electric sources arc coupled through their 
standard energy-momentum momentum tensor. We do not know whether magnetic 
sources should appear as independent fundamental degrees of freedom (the complete 
action with these degrees of freedom included is unknown and would presumably be 
non-local, as the results of [99] suggest) or whether they should appear as sohtons 
somewhat like in Yang- Mills theory [32]. 

Whatever the answer, there are indications that duality invariance and quanti- 
zation conditions are valid beyond the flat space, linear regime studied above. One 
indication is given by dimensional reduction of the full Einstein theory, which reveals 
the existence of "hidden symmetries" that include duality [100]. Another indica- 
tion that nonlinear gravity enjoys duality invariance is given by the existence of the 
Taub-NUT solution [97], which is an exact solution of the vacuum Einstein theory 
describing a gravitational dyon. The Taub-NUT metric is given by 

ds^ = -V{r) [dt + 2N{k - cos 9) d(t)f + V{r)-^dr'^ + (r^ + N'^) {dO^ + sin^ 9 d(t)'^) , 

with 

2 (Ar2 + Mr) _ - 2Mr - 

where and M are the magnetic and electric masses as follows from the asymptotic 
analysis of the metric and our discussion of the linear theory. A pure magnetic 
mass has M = 0. The quantization condition on the energy of a particle moving in 
the Taub-NUT geometry is a well known result which has been discussed by many 
authors [101] and which can be viewed as a consequence of the existence of closed 
timelike fines [102]. For further discussions on this topic, see [35]. 



Chapter 4 

Field- Antifield Formalism 



The purpose of this chapter is to provide an introduction to the field-antifield formal- 
ism for gauge field theories, as well as to the construction of consistent interactions for 
these fields. An excellent review on the field-antifield formalism, also called BRST, 
antibracket or Batalin-Vilkovisky formalism, is [103]. The content of the first sections 
is based on this reference, which wc refer to for further details. The problem of finding 
consistent interactions in the BRST formalism has been developped in [64,65]. As we 
will show, it is related to the consistent deformations of the BRST master equation. 

In this chapter, we first review the structure of general gauge field theories in 
Section 4.1. Then we introduce the ghosts and the antifields, as well as relevant 
mathematical tools in Section 4.2. Finally, we present the deformation technique in 
Section 4.3. 

4.1 Structure of Gauge Theories 

The most familiar example of a gauge theory is the one associated with a non- 
Abelian Yang-Mills theory [104], namely a compact Lie group. The gauge structure 
is then determined by the structure constants of the corresponding Lie algebra, which 
satisfy the Jacobi identity. 

In more general theories, the transformation rules can involve field-dependent 
structure functions. The determination of the gauge algebra (called "soft algebra" 
[105]) is then more complicated than in the Yang-Mills case. The Jacobi identity 
must be appropriately generalized [66, 106] . Furthermore, new structure tensors^ may 
appear which then need to obey new consistency identities. In other types of theories, 

^Throughout the section, we will call the objects that characterize the gauge structure "tensors" , 

which they arc not strictly speaking. The reason wc use this terminology is because they have indices 
that behave like covariant and contravariant indices under linear transformations of the fields, gauge 
parameters, etc. 



54 



Field-Antifield Formalism 



the generators of the gauge transformations are not independent. This occurs when 
there is "a gauge invariance" for gauge transformations. One says that the system 
is reducible. Yet another comphcation occurs when the commutator of two gauge 
transformations produces a term that vanishes only on-sheU, i.e. when the equations 
of motion are used. 

In this section we discuss the above-mentioned comphcations for a generic gauge 
theory. The main issues are to find the relevant gauge-structure tensors and the 
equations that they need to satisfy. 



4.1.1 Gauge Transformations 

This subsection introduces the notions of a gauge theory and a gauge transfor- 
mation. It also defines notations. 

Consider a dynamical system governed by a classical action 5o[0]) which depends 
on N different fields 0*(a;), i = I,-- - ,N. The index i can label the space-time 
indices /i, u oi tensor fields, the spinor indices of fermionic fields, and/or an index 
distinguishing different types of generic fields. 

The action is invariant under a set of mo (mo < A^) nontrivial gauge transforma- 
tions, which, when written in infinitesimal form, read 

S(l)'{x) = (i?^(0)£") (x) , where a = 1, 2, ... mo . (4.1.1) 

Here, £"{x) are infinitesimal gauge parameters, that is, arbitrary functions of the 
space-time variable x, and i?^ are the generators of gauge transformations. These gen- 
erators are operators that act on the gauge parameters. In kernel form, {R\{(f))e°') {x) 
can be represented as j R\ {x, y) (y) , where 

K (a^, y) = ri5{x -y)+ {x - y) + ■ ■ ■ + C'-^'S,^,...^^ {x - y) 

and r^, r]^, . . . arc functions of x and (p{x). 

One often adopts the compact notation [107] where the appearance of a discrete 
index also indicates the presence of a space-time variable. Summation over a discrete 
index then also implies integration over the space-time variable. With this convention, 
the transformation laws become 

5ct>^ = f^y^a y) (y) ■ (4-1-2) 

Let So^i (0, x) denote the Euler- Lagrange variation of the action with respect to 

(f)'{xy. 
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where the supscript R indicates that the derivative is to be taken from the right. 

The statement that the action is invariant under the gauge transformation in 
Eq.(4.1.1) means that the Noether identities 

N 

dxJ2^o,iRl{x,y){x)^0 (4.1.4) 

i=l 

hold, or equivalently, in compact notation, 

So,iRi = . (4.1.5) 

Eq.(4.1.4) (or Eq.(4.1.5)) is derived by varying Sq with respect to the right variations 
of the 0* given by Eq.(4.1.1). It sometimes vanishes because the integrand is a total 
derivative. We assume that surface terms can be dropped in such integrals - this is 
indeed the case when Eq.(4.1.4) is apphed to gauge parameters that fall off sufficiently 
fast at spatial and temporal infinity. 

Notice that the gauge generators are not unique, one can take linear combinations 
of them to form a new set and the gauge-structure tensors will depend on this choice. 
Another source of non-uniqueness is the presence of trivial gauge transformations 
defined by 

5^0^ = 5o,,yS ^ , (4.1.6) 

where /i^^ are arbitrary functions and is the parity of 0*. It is easily demonstrated 
that, as a consequence of the symmetry properties of fi^^, the transformations (4.1.6) 
leave the action invariant. These transformations are of no physical interest and lead 
to no conserved currents. However, in studying the structure of the gauge trans- 
formations, it is necessary to take them into consideration. Indeed, in general the 
commutator of two nontrivial gauge transformations can produce trivial gauge trans- 
formations. 



4.1.2 Irreducible and Reducible Gauge Theories 

To determine the independent degrees of freedom, it is important to know any 
relations among the gauge generators. The simplest gauge theories, for which all 
gauge transformations are independent, are called irreducible. When dependences 
exist, the theory is reducible. In reducible gauge theories, there is a "gauge invariance 
for gauge transformations" , called "level-one" gauge invariance. If the level-one gauge 
transformations are independent, then the theory is called first-stage reducible. This 
may not happen. Then, there are "level-two" gauge invarianccs, i.e. gauge invariances 
for the level-one gauge invarianccs and so on. This leads to the concept of an L-th stage 
reducible theory. In what follows we let denote the number of gauge generators at 
the s-th stage regardless of whether they are independent. 
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Let us define the above concepts with equations. Assume that all gauge invari- 
ances of a theory arc known and that some regularity conditions (see [103]) are sat- 
isfied. Then, the most general solution of the Noether identities (4.1.5) is a gauge 
transformation, up to terms that vanish when the equations of motion are satisfied: 

S,,y^0^y^Ri^^X'-o+So,jT^' , (4.1.7) 

where T*-^ must satisfy the graded symmetry property 

T'^ = -(^-lyt^JT^i . (4.1.8) 

The Roao the gauge generators in Eq.(4.1.1), to which we added the subscripts to 
indicate the level of the gauge transformation. The second term SojT^^ in Eq.(4.1.7) 
is a trivial gauge transformation. The first term -Roao-^'"° Eq.(4.1.7) is similar to 
a nontrivial gauge transformation of the form of Eq.(4.1.1) with e"" = A'"°. The key 
assumption to have Eq.(4.1.7) is that the set of functionals -Roao exhausts on-shell 
the relations among the equations of motion, namely the Noether identities. In other 
words, the gauge generators form a complete set on-shell. 

Let us consider a reducible theory, i.e. there are dependences among the gauge 
generators. If mo — mi of the generators are independent on-shell, then there are 
nil linear combinations of them that vanish on-shell. In other words, there exist mi 
functionals Ri^^ such that 

RLoRia, = SojV^i,, ai^l,...,mi , (4.1.9) 

for some Vi^^ satisfying V"/^^ = —{—lY^'^^Vi^^. The Ri^^ are the on-shell null vectors 
for Rq^o since Rq^^Ri°_^\^ = , where S is the surface on which the equations of 
motion hold. Notice that, if = Riai^i ^'^^ ^i' then 50' in Eq.(4.1.2) is zero 
on-shell, so that no gauge transformation is produced. In Eq.(4.1.9) it is assumed that 
the reducibility of the R^^^ is completely contained in Ri°^, i.e. R"°^ also constitute 
a complete set 

Ri,^X-° ^ So,j Mt ^ ^ RZ.X"'' + Tt° , (4.1.10) 

for some A'"^ and some Tj"°. 

If the functionals Ri^^ are independent on-shell, then the theory is called first- 
stage reducible. If the functionals are not all independent on-shell, relations exist 
among them and the theory is second-or-higher-stage reducible. Then, the on-shell 
null vectors of Ri^-^ and higher i?-type tensors must be found. 

Most generally, a theory is L-th stage reducible [68] if there exist functionals 



Rsa:'^ a, = l,...,m, , s = 0,...,L 



(4.1.11) 
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such that Rq^^ satisfies Eq.(4.1.5), i.e. So^iR^^^ — 0, and such that, at each stage, 
the Rg^~^ constitute a complete set, i.e. 

^s-l,as-i^sas — '^0,^ ^sas ' S — i, . . . , , 

where we have defined Rg'^ = R^^^ and q;_i = i. The Rg^'^ are the on-shell null 
vectors for , . 

4.1.3 The Gauge Structure 

In this section we restrict ourselves to the simplest case of irreducible gauge the- 
ories. The same developpements can be performed for gauge theories with reducibil- 
itics, but the number of equations and structure tensors increases rapidly while the 
philosophy stays the same. To avoid cumbersome notation, we use i?^ for -Roao' 
that the index corresponds to a. 

The general strategy to obtain the gauge structure is as follows [108]. The first 
gauge-structure tensors are the gauge generators themselves, and the first gauge- 
structure equations are the Nocthcr identities (4.1.5). One computes commutators, 
commutators of commutators, etc., of gauge transformations. These are still gauge 
transformations, so they must also verify the Noether identity. Generic solutions are 
obtained by exploiting the consequences of the completeness of the set of gauge trans- 
formations. In this process, additional gauge-structure tensors appear. They enter 
in higher-order identity equations like the Jacobi identity, produced by the graded 
symmetrization of commutators of commutators, etc. The completeness is again used 
to solve these equations and introduces new tensors. The process is continued until 
it terminates. 

Consider the commutator of two gauge transformations of the type (4.1.1). On 
one hand, a direct computation leads to 

[5^, 5,]<P' = - i-iy-'^R'^jRi) e^,e^ , 

where ea is the Grassman parity of (Note that the Grassman parity of i?^ is 
Cj + ea-) On the other hand, this commutator is also a gauge symmetry of the action. 
So it satisfies the Noether identity. Factoring out the gauge parameters and 
one may write 

Taking into account the completeness property (4.1.7), the above equation implies 
the following important relation among the generators 

Vp-{-^Y''''RhK = R^,Tl^-So,E% , (4.1.12) 
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for some gauge-structure tensors T^/^ and This equation defines Tj^ and 

Restoring the dependence on the gauge parameters and the last two equa- 
tions imply 

[S„ S,]<P^ = R;t2,s^s^ S,,E%e^,e'i , (4.1.13) 

where Tj^ arc known as the "structure constants" of the gauge algebra. The words 
structure constants are in quotes because in general the Tj^ depend on the fields of 
the theory and are not "constant" . 

The possible presence of the E^J^ term is due to the fact that the commutator of 
two gauge transformations may give rise to trivial gauge transformations [66,108,109]. 
The gauge algebra generated by the i?^ is said to be open if E^^^ 7^ 0, whereas the 

algebra is said to be closed if = 0. Moreover, Eq.(4.1.12) defines a Lie algebra if 

the algebra is closed, E^^^ = 0, and the Tj,:; do not depend on the fields 0*. 

The next step determines the restrictions imposed by the Jacobi identity. In 
general, it leads to new gauge-structure tensors and equations [106,110-112]. The 
identity 

[5i,[52,53]]=0 , 

cyclic over 1, 2, 3 

imphes the following relations among the tensors R, T and E : 

cyclic over 1, 2, 3 

where we have defined 

O aS frpS T>k rpS rpT) \ , 

"5^a/37 — \-'-ali,k^i -'- ar]-'- p-y ) 

^T'^^^^Rk _ + ^T^^^^Rk _ j.s^j.vj ^ (4.1.15) 

and 

^Bi',, ^ (e%^,R', - Ei]T',^ - {-ir-K^,Ef^ + {-ir^'^^'-^K,kE'^,) 
+(_l)ea{e/3+e7) ^r.h.s. of above line with a-^p , /3-»7,T->a^ 
+ (_l)c-,(^a+€;3) (^ i^ ^ of fij-st line with , /3^a ,7-/3) • (4.1.16) 

For an irreducible theory, the on-shell independence of the generators and their 
completeness (4.1.7) lead to the following solution of Eq.(4.1.14) : 

Kp,-S,,D%^ , (4.1.17) 

where -D^^^ are new structure functions. (Were the theory reducible, other new 
structure tensors could be present in the solution.) On the other hand, using this 
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solution in the original equation (4.1.14), one obtains the following condition on the 
E '^o, [Bi:,^ - i-iy^^-^'^^RlDi',,) ey.et = (4.1.18) 

cyclic over ei, £2, £3 

or, equivalently, 

cyclic over ei, £2, £3 

where we have added vanishing terms. Again, the completeness of the generators 
implies that the general solution of the preceding equation is of the form 

K',, + i-ir'RiD%^ - i-^r^^''^''^RlDiU = -So,kM'^l ■ (4.1.19) 

The reason to include the "trivial" second terms is to have nice symmetry properties 
for the indices i,j of M^-j^^ . 

In this way, the Jacobi identity leads to the existence of two new gauge-structure 
tensors -D^^^ and M^^J^^ which, for a generic theory, are different from zero and must 
satisfy Eqs.(4.1.17) and (4.1.19). 

New structure tensors with increasing numbers of indices arc obtained from the 
commutators of more and more gauge transformations. These tensors are called the 
structure functions of the gauge algebra and they determine the nature of the set of 
gauge transformations of the theory. In the simplest gauge theories, such as Yang- 
Mills, they vanish. 

For reducible theories, the same procedure as above is also applied to the reducibil- 
ity transformations, which produces more structure functions and more equations to 
be satisfied for consistency. 

Having in mind the problem of constructing consistent interactions, it is obvious 
that this formalism is highly inadequate to investigate the most general theories, given 
the number of structure functions and equations that they should satisfy. In the next 
section, we will see that the BRST formalism [66-68] is far more convenient. Indeed, 
the generic gauge-structure tensors then correspond to coefficients of the expansion 
of a generating functional in terms of auxiliary fields. Furthermore, a single simple 
equation, when expanded in terms of auxiliary fields, generates the entire set of gauge- 
structure equations. 



4.2 Fields and Antifields 

Consider the classical system defined in Section 4.1, described by the action 5o[0*] 
and having gauge invariances. The field-antifield formalism was developed to achieve 
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the quantization of this theory in a covariant way. However, at the classical level, it 
can also be used for the classification of consistent deformations of the theory. As 
we are interested in the latter, we present only the field- antifield formalism at the 
classical level. 

The ingredients of the field-antifield formalism are the following: (i) The original 
configuration space, consisting of the 0*, is enlarged to include additional fields such 

as ghost fields, ghosts for ghosts, etc. One also introduces antifields for these fields, 
(ii) On the space of fields and antifields, one defines an odd symplectic structure ( , ) 
called the antibracket. (iii) The classical action Sq is extended to Wq, which includes 
ghosts and antifields. (iv) The classical master equationis defined to be {Wq, Wq) = 
and the solution starting as So is determined. 

The action Wq is the generating functional for the structure functions and the 
master equation generates all the equations relating them. Hence, the field-antifield 
formalism is a compact and efficient way of obtaining the gauge structure derived in 
Section 4.1. 

4.2.1 Fields and Antifields 

For an irreducible theory with mo gauge invariances, one introduces mo ghost 
fields. Hence, the field set is = {0*, Cq"} where ckq = l,...,mo. If the 
theory is first-stage reducible, there are gauge invariances for gauge invariances and 
one introduces ghosts for ghosts. If there are mi first-level gauge invariances then, to 
the above set of fields, one adds the ghost-for-ghost fields C"^ where ai = 1, . . . ,mi. 
In general for an L-th stage reducible theory, the total set of fields $^ is 

$^ = {0^C,"- s = 0,...,L; a, = l,...,m,} . (4.2.20) 

A graduation called ghost number is assigned to each of these fields. The fields 0* 
are assigned ghost number zero, whereas ordinary ghosts have ghost number one. 
Ghosts for ghosts, i.e. level-one ghosts, have ghost number two, etc. So a level-s 
ghost has ghost number s -|- 1. Similarly, ghosts have statistics opposite to those of 
the corresponding gauge parameter, but ghosts for ghosts have the same statistics as 
the gauge parameter, and so on, with the statistics alternating for higher-level ghosts. 
More precisely, 

gh[Cr] = s + l, . (4.2.21) 

Next, one introduces an antifield for each field The antifields do not have 
any direct physical meaning. They can however be interpreted as source coefficients 
for BRST transformations (see e.g. [103] for more details). 
The ghost number of is 



gh[$:4] = -gh [<f^]-i. 



(4.2.22) 
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and its statistics is opposite to that of 

One also defines the "antifield number" antif by antif = for the fields and 
antif = —gh for the antifields. Finally the "pureghost number" puregh is defined by 
puregh = gh for the fields (including ghosts) and puregh = for the antifields. 



4.2.2 The Antibracket 

In the space of fields and antifields, an antibracket is defined by [66, 113] 

Many properties of (X, Y) are similar to those of a graded version of the Poisson 
bracket, with the grading of X and Y being ex + 1 and ey + 1 instead of ex and ey. 
The antibracket satisfies 

(F,X) = -(-l)(^^+i)(^^+^)(X,F) , 
((X, Y),Z) + ((F, Z),X) + (-l)(^z+i){ex+eY) ((^, X) , r) = , 

gh[(x,r)]=gh[x]+gh[r] + i , 

e[(X, Y)] =ex + eY + l (mod 2) . (4.2.24) 

The first equation says that ( , ) is graded antisymmetric. The second equation shows 
that ( , ) satisfies a graded Jacobi identity. The antibracket "carries" ghost number 
one and has odd statistics. 

The antibracket {X, Y) is also a graded derivation with ordinary statistics for X 
and Y: 

(X, YZ) = (X, Y)Z + {-ly^'^X, Z)Y , 
{XY, Z) = X{Y, Z) + (-l)'^'^y(X, Z) . (4.2.25) 
The antibracket defines an odd symplectic structure because it can be written as 

^> - ■ - ( 4 'o ) . i^-^-^s) 

when one groups the fields and antifields collectively into = {$^, $^}. The ex- 
pression for the antibracket in Eq. (4.2.26) is sometimes useful in abstract proofs. 

One defines canonical transformations as the transformations that preserve the 
antibracket. They mix the fields and antifields as $^ — > $^ and $^ — > where 
l*"^ and are functions of the $ and Similarly to the result of Hamiltonian 
mechanics, the infinitesimal canonical transformations [66] have the form 

= + £ +0(6^) , ^\ = ^\ + e{^\,F) + 0{e^) , (4.2.27) 

where F is an arbitrary function of the fields and antifields, with gh[F] = — 1 and 
6(F) = 1. 
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4.2.3 Classical Master Equation 

Let VFo[^, $*] be an arbitrary functional of the fields and antifields, with the 
dimensions of an action, and with ghost number zero and even statistics: e(Wo) — 
and gh[Wo] — 0. The equation 

is called the classical master equation. 

One can regard Wq as an action for the fields and antifields. The variations of Wo 
with respect to and $^ are the equations of motion: 

^^ = . ^^ = . (4.2.29) 

Not every solution of Eq. (4.2.28) is of interest. Usually, only solutions for which 
the number of independent nontrivial gauge invariances is the number of antifields 
are interesting. They are called proper solutions (for a precise definition, see [103]). 

To make contact with the original theory, one looks for a proper solution Wq that 
contains the original action »So[0] as its antifield-independent component: 

Wo[^,^*]U.^o-'So[(p] ■ (4.2.30) 

An additional requirement is 



R^a:' {<!>), s = 0,...,L , (4.2.31) 



$*=0 



where C*_i^^^_^ is the antifield of C^I^': C*„^ = {Cf')* . For notational convenience, 
we have defined C"i' = 0* , = 0* , with a_i = i . Actually, Eq. (4.2.31) 

does not need to be imposed as a separate condition. Although it is not obvious, 
the requirement of being proper and the condition (4.2.30) necessarily imply that 
a solution Wq must satisfy Eq. (4.2.31) [112]. Comments on the unicity of such a 
solution follow below. 



4.2.4 The Proper Solution and the Gauge Algebra 

The proper solution Wq is the generating functional for the structure functions of 
the gauge algebra. Indeed, all relations among the structure functions are contained 
in Eq.(4.2.28), thereby reproducing the equations of Section 4.1.3 and generalizing 
them to the generic L-th stage reducible theory. Let us sketch the connection between 
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the proper solution of the classical master equation, the gauge-structure tensors and 
the equations that the latter must satisfy. 

The proper solution Wo can be expanded as a power series in the ghosts and 
antifields. Given the conditions (4.2.30) and (4.2.31), the expansion necessarily begins 
as 

L 

Wo $*] = So [0] + J2^U,o...,RX'C:' + 0{C*') . (4.2.32) 

s=0 

For the further terms, let us consider an irreducible theory, for which the set of fields 
is 0' and Cq ° (which we call C°) . Most generally, one has 

Wo[^,^*] = 5o[0] + 0*i?LC° + QT^/^C'^ 

+0*0*0^M,'^;C^C^r + . . . , (4.2.33) 

where, with the exception of i?^ which is fixed by (4.2.31), the tensors Tj^, -E^*^, 
etc. in Eq. (4.2.33) are a priori unknown. However, inserting the above expression for 
Wo into the classical master equation (4.2.28), one finds that the latter is satisfied if 
the tensors, Tj^, E-'^g, etc. in Eq. (4.2.33) are the ones of Section 4.1.3 (up to some 
irrelevant signs and numerical factors). In other words, Eq. (4.2.33) with the tensors 
identified as the ones of Section 4.1.3 is a proper solution of the master equation. The 
result is similar for gauge theories with reducibilities. 

The reason why one equation {Wo, Wo) = is able to generate many equations is 
that the coefficients of each ghost and antifield term must vanish separately. Sum- 
marizing, the antibracket formalism using fields and antifields allows a simple deter- 
mination of the relevant gauge structure tensors. The proper solution to the classical 
master equation provides a compact way of expressing the relations among the struc- 
ture tensors. 

One might wonder whether there always exists a proper solution to the classical 
master equation and whether the proper solution is unique. Given reasonable condi- 
tions, there always exists a proper solution with the required ghost-independent piece. 
This was proved in [112, 114] for the case of an irreducible theory and in [115] for a 
general L-th stage reducible theory. Furthermore, as was shown in [112,114,115], 
given the set of fields (4.2.20), the proper solution of the classical master equation is 
unique up to canonical transformations. Indeed, if one has found a proper solution 
Wo such that {Wo, Wo) = and performs an infinitesimal canonical transformation, 
the transformed proper solution Wq = Wo + s{Wo, F) + 0(e^) also satisfies the master 
equation and the condition (4.2.30) up to field redefinitions (sec Section 4.3). Actu- 
ally, canonical transformations correspond to the freedom of redefining the fields and 
the gauge generators, which was already mentionned in the end of Section 4.1.1. 
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4.2.5 The Classical BRST Symmetry 

Via the antibracket, the proper solution Wq is the generator of the so-called BRST 
symmetry s. Indeed, one defines the BRST transformation of a functional X of fields 
and antifields by 

sX={Wo,X) . (4.2.34) 
The transformation rule for fields and antifields is therefore 

^ _oyyo ^ ovv 

The field-antifield action Wq is BRST-symmetric 

sWo = (4.2.36) 

as a consequence of {Wq, Wq) = 0. 

The BRST-operator s is a nilpotent graded derivation: Given two functionals X 
and Y, 

s (XY) = {sX)Y + {-ly'XsY . 

and 

s'^X = . (4.2.37) 

The nilpotency follows from two properties of the antibracket: the graded Jacobi 
identity and the graded antisymmetry (see Eq.(4.2.24)). 



4.2.6 Algebraic structure 

The algebraic structure of the field-antifield formalism is related to two crucial in- 
gredients of the BRST-differential: the Koszul-Tate resolution S, generated by the 
antifields, which implements the equations of motion in (co)homology; and the lon- 
gitudinal exterior derivative 7, which implements gauge invariance. These operators 
are the first components in the decomposition of the BRST-differential s according 
to the antifield number: 

s — 5 + ^ + si + "higher order" , 

where 5 has antif — —1, 7 has antif — 0, Si has antif — 1 and " higher order" has 
antif > 1. The complete action of the operators 5 and 7 on the fields and antifields 
can be found in [116]; let us just mention to illustrate the above statements that 

s<p: = ^ , = Kc^ ■ 

Explicit examples of these operators will be given in the chapters 5 and 6. 
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Prom the nilpotency of s, one deduces that the Koszul-Tate resolution is a differ- 
ential, 5'^ — . Furthermore, 

^S + 5-f = (4.2.38) 
72 ^ + s^s) . (4.2.39) 



4.2.7 Definitions and general theorems 

In this section, we provide definitions and introduce some further notations. We 
also state useful general theorems, the proof of which can be found in [116, 117] and 
references therein. They concern the cohomology groups involving the total derivative 
d and the Koszul-Tate differential 5. 

One of the key assumption used in the sequel is locahty. A local function of some 
set of fields cj)^ is a smooth function of the fields cj)^ and their derivatives 50', 5^0*, ... 
up to some finite order, say k, in the number of derivatives. Such a set of variables 0*, 
d''(j)^ will be collectively denoted by [0*]. Therefore, a local function of 0* is 
denoted by /([0*]). A local p-form (0 < p < n) is a differential p-form the components 
of which are local functions: 

= A dx^' A • • • A dx^^ . 

pi 

A local functional is the integral of a local n-form. 

If A is a local functional that vanishes for all allowed field configurations, A — 
J a — 0, then, the n-form a is a "total derivative", a — dj, where d is the space- 
time exterior derivative (see e.g. [116], Chapter 12). That is, one can "desintegrate" 
equalities involving local functionals but the integrands are determined up to d-exact 
terms. 

Let us now recall the definition of a cohomology group. Consider operators O, V 
acting within a space E , and let e, / be elements of E. 

• Elements e that are annihilated by O, Oe — , are called cocydes, or O- 
cocycles. 

• Elements e that are in the image of O, e = Of, are called coboundaries, or 
O-coboundaries. They are also said to be O-exact. 

• The cohomology group of O in the space E, denoted H{0,E), is the group of 
equivalence classes of cocycles of E, where two elements are equivalent if they 
differ by a coboundary: 



H{0, E) = {eeE\Oe^Q , e + Of , f e E} 
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When the space E in which the operators act is unambiguous, the reference to 
E is often dropped: H{0, E) is written H{0) . 

• If a cohomology group is denoted H{0\V,E), then all relations are "up to 
T'-exact terms" : 

H{0\V,E) = {e eE\Oe = Vf , e^e + Of + Vg , f,geE} . 



We now turn to the general theorems. The space in which these cohomology groups 
are computed is the space of local forms depending on the space-time coordinates, 
the fields and the antifields. The supscript p of a cohomology group H^{. . .) denotes 
the form-degree, while the subscript k denotes the antifield number. 

Theorem 4.1. (Acyclicity): The cohomology of the Koszul-Tate differential is triv- 
ial in strictly positive antifield number: 

Hk{5) = , A; > . (4.2.40) 

Theorem 4.2. (Algebraic Poincare lemma): The cohomology of d in the algebra 
of local p-forms is given by 

H\d) ~ R, 
H''{d) = for k^O, k^n, 
H'^^d) ~ space of equivalence classes of local n — forms, (4.2.41) 

where two local n-forms a = fdx^ . . . dx"'~^ and a' = f'dx^ . . . dx'^~^ are equivalent if 
and only if f and f have identical Euler- Lagrange derivatives with respect to all the 
fields and antifields, 

^ , J ^ = = ^ , ^ ^ <(=^ a and a' are equivalent. (4.2.42) 

Note that if one does not allow for explicit coordinate dependencies, then the groups 
H^{d) no longer vanish for /c 7^ and k ^ n. Indeed, in that case, constant forms 
are not d-exact; so H^{d) is isomorphic to the set of constant /c-forms. 

Theorem 4.3. : In the algebra of local forms, 

Hk(5\d) = (4.2.43) 

for k > and pureghost number > 0. 

Theorem 4.4. : if p > 1 and k > 1, then 

Him ^ HlZlW)- (4.2.44) 
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Theorem 4.5. : if p > 1 and k > 1 with {p, k) ^ (1, 1), then 

Eim^HtXW) (4.2.45) 

Furthermore, 

E\{b\d) ~ Hl{d\b)lB.. (4.2.46) 

If one does not allow for an explicit x-dcpcndence in the local forms, then, (4.2.45) 
must be replaced by H\{b\d) ~ Hq~^ {d\6) / {constant forms} for k = 1 . 

Theorem 4.6. : For a linear gauge theory of reducibility order r, one has, 

H^{S\d)^0, j>r + 2 (4.2.47) 

whenever j is strictly greater than r + 2 (we set r — —1 for a theory without gauge 
freedom). 

Theorem 4.7. : for linear gauge theories, there is no nontrivial element of H2{S\d) 
that is purely quadratic in the antifields (j)* and their derivatives. That is, if fi is 
quadratic in the antifields (j)* and their derivatives and if5fi+db = then fi = 6C+dV . 

Let us now introduce some definitions and notations related to H^-f), the space 
of solutions of 7a = modulo trivial coboundaries of the form 76. Elements of 
H('y) are called "invariants" and often denoted by Greek letters. To understand the 
terminology, remember that the operator 7 implements the gauge invariance in the 
field-antifield formalism. 

Let {uj^} be a basis of the algebra of polynomials in the ghosts of H{j). Any 
element of H{^) can be decomposed in this basis, hence for any 7-cocycle a 

7a = ^ a = «/ cc;-^ + 7/9 (4.2.48) 

where the «/ depend only on (a subset of) the field 0, the antifields and their deriva- 
tives. If a has a finite ghost number and a bounded number of derivatives, then the 
ai are polynomials. For this reason, the are often referred to as invariant polyno- 
mials. An obvious property is that aiuj^ is 7-exact if and only if all the coefficients 
ai are zero 

aiu^ = -f(3, ^ ai = 0, for all /. (4.2.49) 

Other useful concepts are the D-differential and the D-degree. The differential D 
acts on the field and on the antifields in the same way as rf, while its action on the 
ghosts is determined by the two following conditions: (i) the operator D coincides 
with d up to 7-exact terms and (ii) Dcu"^ — A'^jUJ^ for some matrix A'^j that involves 
the dx^. A grading is associated with the D-differential, the D-degree. The D-dcgrce 
is chosen to be zero for elements that do not involve derivatives of the ghosts. It is 
defined so that it is increased by one by the action of the D-differential on ghosts. 
Explicit examples of the D-differential and the D-degree will follow in Chapters 5 
and 6. 
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4.3 Construction of interactions 

The purpose of this section is to analyse the problem of constructing consistent lo- 
cal interactions among fields with a gauge freedom in the light of the antibracket 
formalism. This formulation has been used to solve the question of consistent self- 
interactions in flat background in several cases: for vector gauge fields in [69], for 
p-forms in [70], for Fierz-Pauli in [71], for [p, g] -fields (p > 1 ) in [72-75] and for spin-3 
fields in [76, 77] . The results for the latter [p, g]-fields (p > 1 ) and spin-3 fields are 
presented in the chapters 5 and 6. 

The problem of constructing consistent local interactions can be economically 
reformulated as a deformation problem, namely that of deforming consistently the 
master equation. Consider the "free" action <So[0*] with "free" gauge symmetries 

Se<P' =Ra (4.3.50) 

Z § ^ . (4.3.51) 

One wishes to introduce consistent interactions, i.e. to modify Sq 

So — ^S^So + gSi + /«S2 + ... (4.3.52) 

in such a way that one can consistently deform the original gauge symmetries, 

Ra^ K -Ra +9 Ra +9 Ra +■- (4.3-53) 

The deformed gauge transformations S^cj)'^ — R^e"" are called "consistent" if they are 
gauge symmetries of the full action (4.3.52), 

[Ra +9 Ra +9 Ra +-) = . (4.3.54) 

This implies automatically that the modified gauge transformations close on-shell for 
the interacting action (see [116], Chapter 3). If the original gauge transformations 
are reducible, one should also demand that (4.3.53) remain reducible. Indeed, the 
deformed theory should possess the same number of (possibly deformed) independent 
gauge symmetries, rcducibility identities, etc., as the system one started with, so that 
the number of physical degrees of freedom is unchanged. 

The deformation procedure is perturbative: one tries to construct the interactions 
order by order in the deformation parameter g . 

A trivial type of consistent interactions is obtained by making field redefinitions 
0' — , 0» = 0i + gF' + ... . One gets 

S[f] = Somf]] = So[4>' - gr + ...] = SoW] -9 So, + ... . (4.3.55) 
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Since interactions that can be eliminated by field redefinitions are usually thought of 
as being no interactions, one says that a theory is rigid if the only consistent defor- 
mations are proportional to Sq up to field redefinitions. In that case, the interactions 
can be summed as 

So — ^S={l + kig + k2g^ + ...)So (4.3.56) 

and simply amount to a change of the coupling constant in front of the unperturbed 
action. 

The problem of constructing consistent interactions is a complicated one because 
one must simultaneously modify Sq and in such a way that (4.3.54) is valid order 
by order in g. One can formulate economically the problem in terms of the solution 
Wq of the master equation. Indeed, if the interactions can be consistently constructed, 
then the solution Wq of the master equation for the free theory can be deformed into 
the solution W of the master equation for the interacting theory. 

Wo — >W = Wo + gWi + g'^W2 + ... (4.3.57) 

(Wo, Wo) = — > (W, W) = 0. (4.3.58) 

The master equation (W, W) — guarantees that the consistency requirements on S 
and i?^ are fulfilled. 

The master equation for W splits according to the deformation parameter g as 

{Wo,Wo) =0 (4.3.59) 
2{Wo,Wi) =0 (4.3.60) 
2{Wo,W2) + iWi,Wi) =0 (4.3.61) 



The first equation is satisfied by assumption, while the second implies that Wi is a 
cocycle for the free BRST-difi^erential s = {Wq, ■). 

Suppose that Wi is a coboundary, Wi = {Wo,T). This corresponds to a trivial 
deformation because «So is then modified as in (4.3.55) 



So^So + g[{Wo,T)]^*=o ^ So + g 



So + g 



6^So 



6^T 



$•=0 



#*=o 



(4.3.62) 



(the other modifications induced by T afi^ect the terms with ghosts, i.e. the higher- 
order structure functions which carry some intrinsic ambiguity [118]). Trivial de- 
formations thus correspond to s-exact quantities, i.e. trivial elements of the coho- 
mological space H{s) of the undeformed theory in ghost number zero. Since the 
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deformations must be s-cocycles, nontrivial deformations are thus determined by the 

equivalence classes of H{s) in ghost number zero. 

The next equation, Eq.(4.3.61), implies that Wi should be such that (H/'i,!^!) is 
trivial in H{s) in ghost number one. 

We now wish to implement locality in the analysis. The deformation of the gauge 
transformations, etc., must be local functions, as well as the field redefinitions. If 
this were not the case, the deformation procedure would not provide any constraint 
(see [64,65]). 

Let Wk = J Ck where Ck is a local n-form, which thus depends on the field 
variables and only a finite number of their derivatives. We also denote by (a, b) the 
antibracket for n- forms, i. e. , 

{A, B)^ J (a, b) (4.3.63) 

ii A = J a and B = J b. Because {A, B) is a local functional, there exists (a, b) such 
that Eq. (4.3.63) holds, but (a, b) is defined only up to rf-exact terms. This ambiguity 
plays no role in the subsequent developments. The equations (4.3.60-4.3.61) for Wk 
read 

2s£i = dji (4.3.64) 
s£2 + (A,>Ci) = dj2 (4.3.65) 



in terms of the integrands Ck- The equation (4.3.64) expresses that Ci should be 
BRST-closed modulo d and again, it is easy to see that a BRST-exact term modulo 
d corresponds to trivial deformations. Nontrivial local deformations of the master 
equation are thus determined by i7"''°(s|(i), the cohomology of the BRST-diffcrcntial 
s modulo the total derivative d , in maximal form-degree n and in ghost number . 

4.3.1 Computation of i/" 0(^s| d) 

The purpose of this section is to show how to compute if"'°(s| d). Although this 
cohomology depends on the theory at hand, one can provide a general framework 
to compute it, assuming some properties that have to be proved separately for each 
theory. They are the following: 

(i) The BRST-differential decomposition in antifield number reads s = 7 + 5 , i.e. 
all higher-order components vanish. The operator 7 then satisfies the nilpotency 
relation 

7^ = . (4.3.66) 
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(ii) If a has strictly positive antifield number (and involves possibly the ghosts), the 
equation + db = is equivalent, up to trivial redefinitions, to ja — 0. That 
is, if antif{a) > , then 

-fa + db^O^ a' + dc, 7a' = . (4.3.67) 

(iii) At given pureghost number, there is an upper bound on the D-degree defined 
at the end of Section 4.2.7. 

If the above properties are verified by the theory at hand, one can compute i7"'°(s| d) 
in the following way. 

One must find the general solution of the cocycle condition 

sa"'° + = 0, (4.3.68) 

where a^'^ is a topform of ghost number zero and a (n — l)-form of ghost number 
one, with the understanding that two solutions of Eq. (4.3.68) that differ by a trivial 
solution should be identified 

as they define the same interactions up to field redefinitions (4.3.55). The cocycles 
and coboundaries a, b,m,n, . . . are local forms of the field variables (including ghosts 
and antifields) 

Let a"'° be a solution of Eq. (4.3.68) with ghost number zero and form-degree 
n. For convenience, we will frequently omit to write the upper indices. One can 
expand a(= a"'°) as a = ao + ai + . . . + Ofc where Oj has antifield number i. The 
expansion can be assumed to stop at some finite value of the antifield number under 
the sole hypothesis of locahty [117, 119] or Chapter 12 of [116]. One can also expand 
b according to the antifield number: b — bg + bi + ... + bj . This expansion also stops 
at some finite antifield number by locality. 

Using the decomposition of the BRST-difi^erential as s = 7 + 5 and separating the 
components of different antifield number, the equation sa + db = is equivalent to 

5ai + 7ao + dbo = , 
Sa2 + 701 + dbi = , 



5ak + 7afc_i + dbk-i = , 

7afc = 0. (4.3.69) 

Without loss of generality, we have assumed that bj = for j > k. Indeed, ii j > k 
the last equation is dbj — and implies bj — dcj by the algebraic Poincare lemma 
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(Theorem 4.2), as 6 is a (n — l)-form. One can thus absorb bj into a redefinition of 
b. If j — k, the last equation is 70^ + dbk = 0. Using the property (4.3.67), it can be 
rewritten as 'yak = modulo a field redefinition of a: a — > a + for some c. 

The next step consists in the analysis of the term with highest antifield number 
and the determination of whether it can be removed by trivial redefinitions or not. 
We here show that the terms (A; > 1) may be discarded one after another from 
the aforementioned descent if the cohomology group Hl"-^{S\d) vanishes. (The group 
H^'"{6\d) = Hk{S\d, H{'~f)) is the space of invariants of antifield number k that are 
solutions of the equation dak + db = 0, modulo trivial coboundaries dm + dn where 
m and n are invariants.) This result is independent of any condition on the number 
of derivatives or of Poincare invariance. 

The last equation of the descent (4.3.69) implies that = ajuj'^ where aj is an 
invariant polynomial and uj'^ is a polynomial in the ghosts of H{'y), up to a trivial 
term 7c that can be removed by the trivial redefinition a ^ a — sc . 

One now considers the next equation of the descent, 6ak + 70/0-1 + db^-i = . 
Acting with 7 on it and using 7^ — 0, one gets d'jbk-i = 0, which, by the Poincare 
lemma and (4.3.67), implies that bk-i is also invariant: bk-i — Pjuj"^ ■ Substituting 
the expressions for and bk-i into the equation yields 5{ajU!'^) + D{PjU!'^) — 7(. . .) , 
or, using (4.2.49), 

5{aj)uj-' + D{Pjuj') = 0. 

To analyze this equation, one expands it according to the D-degree. The term of 
degree zero reads 

5(ajJ + d{(3j,)^0, 

where Ji labels the of D-degree i. If the cohomology group Hfr''"{S\d) vanishes, then 
the solution to this equation is = Sfij„ + (iz/j„ , where /ijg and uj^ are invariants. 
The D-degree zero component of ak, denoted a^, then reads 

This is equal to s{njgUJ'^°) + dluj^^uj'^^) up to terms arising from duj'^'^, which can be 
written as duj'''° = Dlo'-'" + ^u'-'" = Aj^lo'-'^ + 'yv/-'° . The term uj^^Aj^uj'-''^ has D-degree 
one and can be removed by redefining a^. The term i/j^jw^o differs from s{i'jqU'^°) by a 
term of lower antifield number (~ S{i'jg)u'^°), it can thus be removed by a redefinition 
of ak-i . 

With the same procedure, one can successively remove all the terms with higher 
D-degree, until one has completely redefined away . One might wonder if the 
number of redefinitions needed is finite, but this is secured by the fact that at given 
pureghost number there is an upper limit for the D-degree. Remember that one 
should check the latter property for the theory at hand. 
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We stress that the crucial ingredient for the removal of ak is the vanishing of the 
cohomology group Hl"''"{S\d) . More precisely, if one looks for Poincare- invariant the- 
ories, it is enough that there be no nontrivial elements without explicit x-dcpcndence 
in . Indeed, the Lagrangian [i.e. ao) of a Poincare-invariant theory should 

not depend explicitely on x and it can be shown [116] that then the whole cocycle 
a — ao + ai + . . . + ttk satisfying sa + db — can be chosen x-independent (modulo 
trivial redefinitions). 

The next steps depend too much on the studied theory to be explained here. They 
are left for the next chapters, in which particular cases are treated. 
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Chapter 5 

Interactions for exotic spin-2 fields 



In this chapter, we address the problem of switching on consistent self-interactions 
in flat background among exotic spin-2 tensor gauge fields, the symmetry of which 
is characterized by the Young diagram [p, q] with p > 1 . We do not consider the 
case p = q = 1 , which corresponds to the usual graviton. The physical degrees 
of freedom of such theories correspond to a traceless tensor carrying an irreducible 
representation of 0(n — 2) associated with the Young diagram \p,q]. Therefore, we 
work in space-time dimension n > p + q + 2 . Indeed, there are no propagating degrees 
of freedom when n < p + q + 2 . We use the BRST-cohomological reformulation of the 
Noether method for the problem of consistent interactions, which has been dcvclopped 
in Section 4.3. For an alternative Hamiltonian-based deformation point of view, we 
suggest the reference [120]. 

The main (no-go) result [72-75] proved in this chapter can be stated as follows, 
spelling out explicitly the assumptions: 

In flat space and under the assumptions of locality and translation invariance, 
there is no consistent smooth deformation of the free theory for [p, q]-type tensor gauge 
fields withp > 1 that modifies the gauge algebra, which remains Abelian. Furthermore, 
forq > 1, when there is no positive integers such thatp+2 = {s+l){q+l), there exists 
no smooth deformation that alters the gauge transformations either. Finally, if one 
excludes deformations that involve more than two derivatives in the Lagrangian and 
that are not Lorentz-invariant, then the only smooth deformation of the free theory is 
a CO smological- constant like term forp = q . 

One can reformulate this result in more physical terms by saying that no analogue 
of Yang-Mills nor Einstein theories seems to exist for more exotic fields (at least not 
in the range of local perturbative theories). 

Without the extra condition on the derivative order, one can e.g. introduce Born- 
Infcld-like interactions that involve powers of the gauge-invariant curvatures K , but 
modify neither the gauge algebra nor the gauge transformations. When involving 
other fields, nontrivial interactions are also possible. Indeed, one can build interac- 
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tions that couple [p, ^J-fields and p'-forms generalizing the Chapline-Manton interac- 
tion among p-forms (see Appendix B). The latter interactions do not modify the gauge 
transformations of the spin-2 field but those of the p'-form. No general systematic 
analysis has yet been done about interactions modifying the gauge transformations 
of the exotic spin-2 field when coupling them with different [p, q]-type fields (where 
"different" means e.g. [pi, ^i] 7^ [p2) 52]), or with other types of fields. 

This chapter is organized as follows. In Section 5.1, we review the free theory of 
[P; ?]-type tensor gauge fields. In Section 5.2, we construct the BRST spectrum and 
differentials for the theory. Sections 5.3 to 5.7 are devoted to the proof of cohomolog- 
ical results. We compute H{'~f) in Section 5.3, an invariant Poincare lemma is proved 
in Section 5.4, the cohomologies HJ!{6\d) and H^'^"^^{6\d) are computed respectively 
in Sections 5.6 and 5.7, and partly in the appendix D.l. The self-interaction question 
is answered in Section 5.8. 



5.1 Free theory 

As stated above, we consider theories for mixed tensor gauge fields (l>ij,^...^p\ui...uq whose 
symmetry properties arc characterized by two columns of arbitrary lengths p and q, 
with p > 1. These gauge fields thus obey the conditions (see Appendix A) 

4^IJ,l...tlj,\V'i_...Vq — 0[;til.../ip]|l/l...t'g — 0/il.../ip|[l/l...fc'g] ) 
0[//l.../Up|i^l]l/2...I^q ) 

where square brackets denote strength-one complete antisymmetrization. We consider 
the second-order free theory. There also exists a first-order formulation of the theory, 
which can be found in the appendix C. 



5.1.1 Lagrangian and gauge invariances 

The Lagrangian of the free theory is 

r ^ r[Pl---PqM---Mp+l] ^[O-I i<T2---0-p+l]| Q 1 Ul...Uq 

2(p-M)!g! ["i-^^'^i-'^p+il [Mi^M2-/ip+i]| ' 

where the generalized Kronecker delta has strength one: 5'^,^"t" = ^f''^ . . . 5^"^} . This 
Lagrangian was obtained for [2, 1] -fields in [36], for [p, l]-fields in [37] and, for the 
general case of [p, g] -fields, in [25]. 
The quadratic action 

So[(p] = / (TxCidcf)) (5.1.1) 
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is invariant under gauge transformations with gauge parameters a^^'^^ and a^^'^^ that 
have respective symmetries [p — 1, g] and [p, q — 1]. In the same manner as forp-forms, 
these gauge transformations are reducible, their order of rcducibihty growing with p. 
We identify the gauge field with a^^'^\ the zeroth order parameter of reducibihty. 
The gauge transformations and their reducibihties are^ 

Sa^''^^ = a'-'^^'^^ (5 1 2) 

+ b- (a^''^^^^ +a--a^''^^^^ ] 

where i = 0, ...,p — q and j = 0, ...,q . The coefficients a^j and bij are given by 



(-)^ 



'■^ {p-t-q + j + l)\{q-j)\' ' ' {p-i-q + j + 2)- 

To the above formulae, we must add the convention that, for all j , a^^"'"'"^'-'^ = 
= q;^-^'^^^-* . The symmetry properties of the parameters a*^*'-'^ are those of Young 
diagrams with two columns of lengths p — i and q — j 

fJ,'i_...IJ,p-i\v'i...Vq-j [n\...tlp-i]\v'i_...l>q-j ' 

I 1 =0. (5.1.3) 

More details on the reducibihty parameters ct^*^'''*^ ^vi v ^® given in Section 

5.2.1. 

The fundamental gauge-invariant object is the field strength or curvature K , 
which is the [p + 1, g + 1] -tensor defined as the double curl of the gauge field: 

By definition, it satisfies the Bianchi (BII) identities 

^[/il-^/i2.../ip+2]| -^/il.../ip+l I [z/l...Z/q+l,I/g+2] =0. (5.1.4) 

Its vanishing implies that (t>^i...np\ui...vq is pure gauge [17]. 

The most general gauge-invariant object depends on the field 4'^^...^^\vi...uq and its 
derivatives only through the curvature K and its derivatives. 

5.1.2 Equations of motion 

The equations of motion are expressed in terms of the field strength: 

f1^ll...^^p\ — _ ^ r[pi-P9+l/^l-Mp] TV-o-i.-ap+il ^ r. 



^We introduce the short notation /U[p] = \p,\ . . . Hp] . A comma stands for a derivative: a^v = d^ct. 
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where a weak equality "f^" means "equal on the surface of the solutions of the equa- 
tions of motion" . This is a generalization of the vacuum Einstein equations, linearized 
around the flat background. Taking successive traces of the equations of motion, one 
can show that they are equivalent to the tracelessness of the field strength 

ri'''''K,,...a,^,\,„„,^^,^Q. (5.1.5) 

This equation generalizes the vanishing of the Ricci tensor (in the vacuum), and is 
nontrivial only when p-\- q-\-2 <n. Together with the "Ricci equation" (5.1.5), the 
Bianchi identities (5.1.4) imply [16] 

^ ^ a^^AV,....,^,|p,..p,^, . (5.1.6) 

The gauge invariance of the action is equivalent to the divergenceless of the tensor 
C^IpjI^m, that is, the latter satisfies the Noether identities 

9 ^GCTi...(Tp_|_l|pi...pq_|_l = = 9''^GCTl...(Tp+l|pi...Pq+l ■ (5.1.7) 

These identities are a direct consequence of the Bianchi ones (5.1.4). The Noether 
identities (5.1.7) ensure that the equations of motion can be written as 

where 

TTani...fj,p\ _ ^ r[pi...pgaMi...Mp] alP Acri . . .ap]\ 

The symmetries of the tensor H correspond to the Young diagram [p + 1, g] . This 
property will be useful in the computation of the local BRST cohomology. 



5.2 BRST construction 

In this section, we apply the rules of Section 4.2 to build the field-antifield formulation 
of the theory of free [p, g]-fields. We introduce the new fields and antifields in Section 
5.2.1, and the BRST transformation in Section 5.2.2. 



5.2.1 BRST spectrum 

According to the general rules of the field-antifield formalism, we associate with each 
gauge parameter ghost, and then with any field (including ghosts) a corre- 

sponding antifield of opposite Grassmann parity. More precisely, the spectrum of 
fields (including ghosts) and antifields is given by 
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• the fields : A^^'^^ , , where A(°'°) is identified with 6 ; 

• the antifields : M[p-i]k[,-,i ^ 

where i = 0, ...,p — q and j = 0,...,q. The symmetry properties of the fields 

A^^'^'' I and antifields ^*(''-?) ''[p-<iI'^[9-j1 are those of Young diagrams with two 

columns of lengths p — i and q — j . With each field and antifield are associated 
a pureghost number and an antifield number. The pureghost number is given hj i+j 
for the fields A^*'^^ and for the antifields, while the antifield number is for the 
fields and i + j + 1 for the antifields A*^^'^^ . The Grassmann parity is given by the 
pureghost number, resp. the antifield number, modulo 2 for fields and antifields. All 
this is summarized in Table 5.1. 





Young 


pti rcgliost 


(11 it / field 


Parit}- 




\p-hq-j] 


t + j 





i + j 




\p-i,q-j] 










Table 5.1: Symmetry, pureghost number, antifield number and parity of the 
(anti) fields. 



One can visualize the whole BRST spectrum in vanishing antifield number as well 
as the procedure that gives all the ghosts starting from \ on Figure 5.1, where 
the pureghost number increases from top down, by one unit at each line. The fields 
are represented by the Young diagram corresponding to their symmetry. 

At the top of Figure 5.1 lies the gauge field (pfj,^^ with pureghost number zero. 

At the level below, one finds the pureghost number one gauge parameters A^^^^^^^^^^ ^ 

and ^ whose respective symmetries are obtained by removing a box in the 

first (resp. second) column of the Young diagram [p, q] corresponding to the gauge 
field (/-^[^jl^i^,. 



4(1,0) 



1 


1 




1 


1 




1 


1 































/I (0,1) 



The rules that give the {i + l)-th generation ghosts from the i-th generation ones 
can be found in [17,39]. In short, the Young diagrams of the ghosts are obtained by 
removing boxes from the Young diagrams of the ghosts with lower pureghost number, 
with the rule that one is not allowed to remove two boxes from the same row. 
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Some ghosts that play a particular role arise at pureghost level p — q, q and p. 
They correspond to the edges of the figure. 

In pureghost number p — q, the set of ghosts contains A^/^^^^l'^^^ ~ [q, q] . The Young 
diagram corresponding to the latter ghost is obtained by removing p — q boxes from 
the first column of [p, q] . Removing any box from this diagram yields [q, q — I]. 

At the pureghost level q, one finds the p-form ghost A^^^^ ~ b ' 0] ' obtained from 
the field by removing all the boxes of the second column of [p, q] in order to empty it 
completely. For this ghost there is also only one way to remove a box. 

The procedure terminates at pureghost number p with the g-form ghost 
^A*!,]^'^^ ~ [q, 0] . There arc no ghosts A^^^^\^^_^^ with r,s < q , since it would mean that 
two boxes from a same row would have been removed from [p, q] . 

The antifield sector has exactly the same structure as the ghost sector of Figure 
5.1, where each ghost A^'"-'^^ is replaced by its antifield A*^^'^\ 

5.2.2 BRST-differential 

The BRST-differential s of the free theory (5.1.1), (5.1.2) is generated by the func- 
tional 

/p-q q 
(Fx \ ^^(_)i+J-A*(^'^')'^i-'^^-l^i-'^«-^ 
i=o i=o 

with the convention that = = A<-^^^'^ = = 0. More 

precisely, Wq is the generator of the BRST-differential s of the free theory through 

sA = {Wo,A), 

where the antibracket ( , ) is defined by Eq. (4.2.23). The functional Wq is a solution 
of the master equation 

{Wo, Wo)^0. 

The BRST-differential s decomposes into s — j + S . The first piece 7 , the differential 
along the gauge orbits, increases the pureghost number by one unit, whereas the 
Koszul-Tatc differential 6 decreases the antifield number by one unit. These gradings 
are related to the ghost number by 



gh — pureghost — antifield . 
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The action of 7 and 5 on the fields and antifields is zero, except in the following cases: 



7^ 



j^*(0,0) ^ 
j) iJ-[p-i\ I ^[9-3] ^ (-)*''"^ {^^A*^"-'^'^^ '^iJ-yv-A I ^[9-3] 

p — i + 1 / 

where the last equation holds only for (i, j) different from (0, 0). 
One can check that 

52 = 0,57 + 75 = 0,7^ = 0. (5.2.8) 

For later computations, it is useful to define a unique antifield for each antifield 
number: 



p.i...iiq\vi...Vj _ \^ A*{j,-q-j+k,q-k) n-^_...Hq[v^+■^...Vj\v-^_...v,^\ 
fe=0 



for < J < p 1 and, in antifield number zero, the following specific combination of 
single derivatives of the field 

^* i^l-.I^p+l _ r7-|Ul.../iq[l/q+l...fc'p+l| 

where e^j- vanishes for A; > g and for j — k > p — q , and is given in the other cases by: 

where (^) are the binomial coefficients {n> m). Some properties of the new variables 
are summarized in Table 5.2. 





Young diagram 


pureghost 


antifield 


Parity 




[q]®[p+l-k]-[p+l]®[q- k] 





k 


k 



Table 5.2: Young diagram, pureghost number, antifield number and parity of the 
antifields C^. 

The symmetry properties of CI are denoted by 

[q]®\p + l-k] - \p + l\®[q-k] 
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which means that this field has the symmetry properties corresponding to the tensor 
product of a column [q] by a column [p + 1 — /c] from which one should substract 
(when k < q) all the Young diagrams appearing in the tensor product [p+ 1] (g) [g — /c]. 



The antifields (7* *=' have been defined in such a way that they obey the 
following relations: 

= 0. (5.2.9) 

We further define the inhomogeneous form 



P+1 

''^p+i-j 



TTfj.i...iiq — ST^ r~<*'^~^ 



j=0 

where 

S+i-i = y~> j\{n-j)l P+^-^ ^i^i..Mndx ...ax . 

Then, as a consequence of Eqs.(5.2.9), any polynomial P{H) in H'^'^-i^i satisfies 

{5 + d)P{H) ^Q. (5.2.10) 

The polynomial H is not invariant under gauge transformations. It is therefore 
useful to introduce another polynomial, H. , with an explicit x-dependence, that is 
invariant. 7i is defined by 

p+1 

j=i 

where a — (—)~ " , — ,} — 777 ttt. One can check that H — H + 

^ ' q\q\{p+q+l)\(p+l-q)\{n-p-q-l)\ 

dmQ~^~^ for some mo~^~^. This fact has the consequence that polynomials in Ti also 
satisfy {S + d)P{n) = 0. 



5.3 Cohomology of 7 

We hereafter give the content of H {'-/), i.e. the space of solutions of 70, = modulo 
trivial coboundaries of the form 76. Subsequently, we explain the procedure that we 
followed in order to obtain that result. 
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Theorem 5.1. The cohomology of^ is isomorphic to the space of functions depending 
on 

• the antifields and their derivatives [A*^"^'^^] , 

• the curvature and its derivatives [K] , 

• the p -th generation ghost and 

. the curl L*",..^^^, = ? generation ghost A^^'^l 

Proof : The antifields and all their derivatives are annihilated by 7 . Since they 
carry no pureghost degree by definition, they cannot be equal to the 7 -variation of 
any quantity. Hence, they obviously belong to the cohomology of 7 . 

To compute the 7 -cohomology in the sector of the field, the ghosts and all their 
derivatives, we split the variables into three sets of independent variables obeying 
respectively •ju^ = , 7f ^ = and 7W* = . The variables and form so-called 
"contractible pairs" and the cohomology of 7 is therefore generated by the variables 
(see e.g. [116], Theorem 8.2). 

We decompose the spaces spanned by the derivatives , A; > , < i < 

p — 9,0<j<g, into irrcps of G'L(n,R) and use the structure of the reducibility 
conditions (see Figures 2. and 3.) in order to group the variables into contractible 
pairs. 



^{1} 

am 



1{2} 



Figure 2 Figure 3 

We use the differential operators d^^^ , i — 1,2, ... (see [17] for a general definition) 
that act, for instance on Young-symmetry type tensor fields ^[2,1], as follows: 



T 



























\d\ 
















d 


1 











etc. 



For fixed i and j the set of ghosts A^*'^^ and all their derivatives decompose into 
four types of independent variables: 



5.3 Cohomology of 7 



85 



where O denotes any operator of the type nm>3 ^^^^ identity 

Different cases arise depending on the position of the field A^^'^^ in Figure 1. We 
have to consider fields that sit in the interior, on a border or at a corner of the 
diagram. 

• Interior 

In this case, all the ghosts A^'^'^^ and their derivatives form or variables. 
The general relations involving 7 to have in mind are (for any k, I, provided the 
A^s are nonvanishing) : 

^[^{l}^(fc+M) + rf{2}^{M+l)] = 0, 

^[^{l}^(fc+l,0_rf{2}^{M+l)] 0, , 

7[d^^>ci{^>A('=+i''+i)] ^ 

and that O commutes with 7. [Note that the linear combinations of 

and are schematic, we essentially mean two linearly inde- 

pendent combinations of these terms that satisfy the above relations.] According 
to these relations, the following couples form contractible pairs ^ v^: 

o[rf{i}^{^+ij-i)_rf{2}^(M)] ^ 
o[rf{i}^{M-i)_^{2}^(i-ij)] ^ od^^U^^U^''^^ 

Consequently, one can perform a change of variable within the sets [74^^'^)], 
mixing Od^^^A^'^'') and Od^^^ A^''-'^'^+'^\ so that the ghosts A^^'^^ in the interior 
and all their derivatives do not appear in H{'y) . 

• Lowest corner 

On the one hand, we have 'yA^^~^''^'' = . As the operator 7 introduces a 

derivative, A^~^''^'' cannot be 7-exact. As a result, aI^q^'"^^ is a -io^-variablc and 
thence belongs to H{'y) . On the other hand, we find d^A^i{'-[^,''^J = ^[Aif^-i'',,f}^''^ + 
(^_)p-9_2_^(P"9^^^ J)j ^ which implies that all the derivatives of A*^^^'''*-' do not 
appear in H{'j) . 

• Border 

If a ghost A^^'^^ stands on a border of Figure 1, it means that either (i) its 
reducibility relation involves only one ghost (see e.g. Fig. 2), or (ii) there exists 
only one field whose reducibihty relation involves A^*'-') (see e.g. Fig. 3): 
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(i) Suppose stands on the left-hand (lower) edge of Figure 1. We have 
the relations 

^^(M-l) 0^ (i{2}^(M) ^ 7[(i^2}^(M)j _ 

SO that the corresponding sets [74(''-')] on the left-hand edge do not con- 
tribute to -^(7). We reach similar conclusion if A^'^'^^ lies on the right-hand 
(lower) border of Figure 1, substituting d^^^ for d^^^ when necessary. 

(ii) Since, by assumption, A^^'^^ docs not sit in a corner of Fig. 1 (but on 
the higher left-hand or right-hand border), its reducibility transformation 
involves two ghosts, and we proceed as if it were in the interior. The only 
difference is that Od^^'^d^^^A'^''^^ will be equal to either -fOd^^^A^''^''^^ or 
^Od^'^^A^'^~^'^^ , depending on whether the field above is A^'"^'-') or 

• Left-hand corner 

In this case, the ghost A^^'^^ is characterized by a rcctangular-shapc Young 
diagram (it is the only one with this property). Its reducibility transforma- 
tion involves only one ghost and there exists only one field whose reducibility 
transformation involves A^'^'^^ . Because of its symmetry properties, d^'^^A^'^'^^ ~ 
Better, d^^l is not well-defined on A^''^\ it is only well-defined 
on d^^^A^"^'^^ . Therefore, the derivatives 9^^. ^^.A*^*'-'^ decompose into OA^^'^^ , 
C)c^{i}^(ij) and Crf{i>d{2}^(ij) . The first set OA^''^^ and the second set 

,i) form m^- variables associated with and Od^^U^^^A^''^+^^ 

respectively. The third one forms f^-variables with Od^^^ A^'-^^'^^ . 

• Top corner 

In the case where is the gauge field, we proceed exactly as in the "In- 

terior" case, except that the variables Od^^^d^'^^A^'^'^^ — arc not grouped 
with any other variables any longer. They constitute true ^'-variables and 
are thus present in H{'j) . Recalling the definition of the curvature K , we have 

• Right-hand corner 

In this case, the field A^*'-'^ is the p-form ghost ^^^]'^^ ■ We have the {u, t')-pairs 
(A(M,rf{i}A(i.<?)), (C»dW^(o,9)^0^{i}^{2}^(i,g)) 
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(C)d{i>A(0'«-i),Od{i>d{2}A(o.9)). The derivative S^^A'^^f oc D^^^^^ is a w'- 

variable since it is invariant and no other variable possesses the 

same symmetry. 

□ 

Let us recall (Section 4.2.7) that the polynomials [A*]) in the curvature, the 

antifields and all their derivatives are called "invariant polynomials" . Furthermore, let 
|a;^ (yl*^P~'^''^\ D^^ } be a basis of the algebra of polynomials in the variables y4|^~'^^^j 
and D'^^^ ^^j. Any element of H{'y) can be decomposed in this basis, hence for any 
7-cocycle a 

7a; = ^ Q; = a7([i^],[$*])o;^(A(™\D°) +7/? (5.3.11) 

where the aj are invariant polynomials. Moreover, aju^ is 7-exact if and only if all 
the coefficients aj are zero 

aju^ = 7/5, ^ ai = 0, for all /. (5.3.12) 

We will denote by the algebra generated by all the ghosts and the non-invariant 
derivatives of the field (f). The entire algebra of the fields and antifields is then 
generated by the invariant polynomials and the elements of J\f. 



5.4 Invariant Poincare lemma 

The space of invariant local forms is the space of (local) forms that belong to (7) . 
The algebraic Poincare lemma (Theorem 4.2) tells us that any closed form is exact^. 
However, if the form is furthermore invariant, it is not guaranteed that the form is 
exact in the space of invariant forms. The following lemma tells us more about this 
important subtlety, in a limited range of form degree. 

Lemma 5.1 (Invariant Poincare lemma in form degree k < p + 1). Let be 

an invariant local k-form, k < p-\-l . 

If da^ = Q, then a" = QiK^^-^^^^^J + df3''-\ 
where Q is a polynomial in the {q + 1) -forms 

and (3^~^ is an invariant local form. 

A closed invariant local form of form-degree k < n and of strictly positive antifield 
number is always exact in the space of invariant local forms. 

The proof is directly inspired from the one given in [121] (Theorem 6). 

^except for the constants, which are closed without being exact, and the topforms, which are 
closed but not necessarily exact. 
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5.4.1 Beginning of the proof of the invariant Poincare 
lemma 

The second statement of the lemma {i.e. the case antifield{a^) ^ 0) is part of a 
general theorem (see e.g. [122]). It will not be reviewed here. Let us stress that it 
holds for any form-degree except the maximal degree n. 

We will thus assume that antifield{a^) — 0, and prove the first part of Lemma 
5.1 by induction: 

Induction basis: For k — 0, the invariant Poincare lemma is trivially satisfied: 
dcK^ = implies that q;° is a constant by the usual Poincare lemma. 

Induction hypothesis: The lemma holds in form degree k' such that < k' < k . 

Induction step: We will prove in the sequel that under the induction hypothesis, 
the lemma holds in form degree k. 

Because da'' — and 70;'^ = 0, we can build a descent as follows 

da'' = 0^a'' = da''-^'^ (5.4.13) 
= 'ja''-^'^ + da''-^'^ (5.4.14) 

= ^a''-^'^-^ + da''-^-^'^ (5.4.15) 
= 70*^-^-^'^ (5.4.16) 

where a'"'* is a r-form of pureghost number i . The pureghost number of a'"'* 
lies in the range < i < k — 1 . Of course, since we assume k < p + 1 , we 
have i < p. The descent stops at Eq.(5.4.16) either because k — j — 1 = 0oy 
because a}'~^~^'^ is invariant. The case j = is trivial since it gives immediately 
a*^ = d/3''~^ , where Z?*^"^ = a^~^'° is invariant. Accordingly, we assume from 
now on that j > . 

Since we are dealing with a descent, it is helpful to introduce one of its building 
blocks, which is the purpose of the next subsection. We will complete the 
induction step in Section 5.4.3. 

5.4.2 A descent of 7 modulo d 

Let us define the following differential forms built up from the ghosts 
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for < Z < g . It is easy to show that these fields verify the following descent: 

7PJ,...,,,J = 0, (5.4.17) 
7piti,,,J + rf^i,...,,,, = 0, 0</<g-l, 

It is convenient to introduce the inhomogeneous form 

q 

D = 

1=0 

because it satisfies a so-called "Russian formula" 

(7 + d)i^M,..;.,+,=i^£^,^,, (5.4.19) 
which is a compact way of writing the descent (5.4.17)-(5.4.18). 

Let uj[s,m) be a homogeneous polynomial of degree s in and of degree m m. D. 
Its decomposition is 

where has form degree s{q + 1) +j and pureghost number mq — j. Due 

to Eq.(5.4.19), the polynomial satisfies 

(7 + ci)a;(,^)=i^;j:X,,^^^^, (5.4.20) 
the form degree decomposition of which leads to the descent 

^^^s(q+l),mq^ = 0, 
^(^<<Z+l)+J+l,rn<?-j-l-) + J^s{q+l)+j,mq-j ^ 0<J<q-l 

^(^^s{q+l)+q+l,(m-l)q-l-^ ^^s{q+l)+q,(m-l)q ^ j^q+l \ 1 ^^^'^^^'^(5Tl21) 

where denotes the component of form degree s{q + 1) and pureghost 

equal to {m—l)q of the derivative This component is the homogeneous polynomial 
of degree m — 1 in the variable D^, 



dui 



BD 



s(q+l),(m-l)q 

— TTJ^ \d=DO ■ 



The right-hand side of Eq. (5.4.21) vanishes if and only if the right-hand side of 
Eq. (5.4.20) does. 

Two cases arise depending on whether the r.h.s. of Eq. (5.4.20) vanishes or not. 
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• The r.h.s. of Eq. (5.4.20) vanishes: then the descent is said not to be obstructed 
in any strictly positive pureghost number and goes all the way down to the 
bottom equations 

^(^«(9+l)+rn9,0) + (]^s{q+l)+mq+l,l 0<J<g-l 

• The r.h.s. of Eq. (5.4.20) is not zero : then the descent is obstructed after q 
steps. It is not possible to find an cD*('J+^)+^+^'('^~^)'?~^ such that 

^^^s{q+l)+q+l,im-l)q-l-^ + ^ Q , 

because the r.h.s. of Eq. (5.4.21) is an element of -^(7). This element is called 
the obstruction to the descent. One also says that this obstruction cannot be 
lifted more than q times, and u;*^^^-'^)'"** is the top of the ladder (in this case it 
must be an element of H{^)). 

This covers the general type of ladder (descent as well as hft) that do not contain the 
p-th generation ghost ^(p-^,?) 

5.4.3 End of the proof of the invariant Poincare lemma 

As j < p, Theorem 5.1 implies that the equation (5.4.16) has nontrivial solutions only 
when j — mq for some integer m 

^k-mq-l,mq ^ ^ q;^-"^?-! a;0.™9 ^ (5.4.22) 

up to some 7-exact term. The ct^^^'^^^'s are invariant forms, and {0;°'™'^} is a basis 
of polynomials of degree m in the variable D^. The ghost are absent since 

the pureghost number is j — mq < p. 

The equation (5.4.15) implies da'}~"^'^~^ — 0. Together with the induction hypoth- 
esis, this implies 

^k-mq-l ^ p,(i^^+l^^^J + dp'^-^-' , (5.4.23) 

where the polynomials Pj of order s arc present ifi^ k — mq— 1 = s{q+ 1). Inserting the 
expression (5.4.23) into Eq. (5.4.22) we find that, up to trivial redefinitions, a^~^~^'^ 
is a polynomial in Kf;^^ „ , , and „ , , . 

Prom the analysis performed in Section 5.4.2, we know the two types of lifts that 
such an a''~^~^'^ can belong to. In the first case, a^~^~^'^ can be lifted up to form 
degree zero but the resulting vanishes. The second type of lift is obstructed after q 
steps. Therefore, since j = mq , a^~^~^'^ belongs to a descent of type (5.4.13)-(5.4.16) 
only a j — q. Without loss of generality we can thus take a*^'^"^ = P(K^'^}^^^_^, D^) 
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where P is a homogeneous polynomial with a linear dependence in (since m = 1). 
In such a case, it can be lifted up to Eq.(5.4.13). Furthermore, because a^^^'^ is 
defined up to an invariant form by the equation (5.4.14), the term da'^~^'^ of 

Eq.(5.4.13) must be equal to the sum 

" V ' 

=Q(^Ml-Mp+l) 

of a homogeneous polynomial Q in K'^'^^ (the hft of the bottom) and a form d-exact 
in the invariants. □ 



5.5 General property of H{'y\d) 

The cohomological space H{j\d) is the space of equivalence classes of forms a such 
that ^a + db — 0, identified by the relation a a' <^ a' — a + 'yc + df . We shall need 
properties of H{'y\d) in strictly positive antifield number. 

The second part of Lemma 5.1, in the particular case were one deals with d-closed 
invariant forms that involve no ghosts (one considers only invariant polynomials), has 
the following useful consequence on general 7-mod-(i-cocycles with antifield > , but 
possibly pureghost ^ . 

Consequence of Lemma 5.1 

If a has strictly positive antifield number (and involves possibly the ghosts), the 
equation ^a + db — is equivalent, up to trivial redefinitions, to ja — 0. That is, 

^".•\fr°nl^l 7"' = ^ . (5.5.24) 
antigh[a) >UJ \^ a = a + dc ^ ' 

Thus, in antifield number > 0, one can always choose representatives of H{j\d) that 
are strictly annihilated by 7. For a proof, see [117, 119] or the proof of a similar 
statement in the spin-3 case (Section 6.4). 



5.6 Cohomology of S modulo d: H^{S\ d) 

In this section, we compute the cohomology of 5 modulo d in top form-degree and 
antifield number k, for k > q . Wc will also restrict ourselves to A; > 1 . The group 
H^{S \ d) describes the infinitely many conserved currents and will not be studied here. 



Let us first recall that by the general theorem 4.6 of Section 4.2.7, since the theory 
at hand has reducibility order p — 1, 

H1^{S\d) ^0 for k> p+1. (5.6.25) 
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The computation of the cohomology groups H'^{S\ d) for q < k < p + 1 follows 
closely the procedure used for p-forms in [121]. It relies on the following proposition 
and theorem: 

Proposition 5.1. Any solution of Sa^ + db^"^ — that is at least bilinear in the 
antifields is necessarily trivial. 

This is a trivial rewriting of Theorem 4.7. 

Theorem 5.2. A complete set of representatives of Hp_^^{d\d) is given by the anti- 
fields C*^i^^ i.e. 

K^i + da;-' = ^ = A'^i^ic-,^^^, + 5b;^, + db;-l , 

where the At^^'"^'' are constants. 

Note that representatives with an explicit x-dependence are not considered in the 
latter theorem, because they would not lead to Poincare-invariant deformations. 
Proof : Candidates : any polynomial of antifield number p + 1 can be written 

where A does not involve the antifields and where //^^i is at least quadratic in the 
antifields. The cocycle condition Sa^j^-^ + da^"' — then imphes 

-^^'■■■''^dc;^^'..,,^ + 5(/.;Vi + db;-l) = o . 

By taking the Euler-Lagrange derivative of this equation with respect to 
^p[iii fj. S^ts the weak equation d'^A^^'^'''^''^ ^ 0. Considering u as a form 

index, one sees that A belongs to HQ{d\ 6). The isomorphism H^idl = H^i^l d) 
(see [117]) combined with the knowledge of H^{6\d) = (by Eq.(5.6.25)) implies 

= xit^i-f^c,] xlni-n,] is a constant. The term 

^^|A'i - M9]^*n^^^^ can be rewritten as a term at least bilinear in the antifields up 
to a (5-exact term. Inserting a;_^_^ = A[^i-^''lC*"^^^ + /ip^i + <^^p+2 + db^^l into the 
cocycle condition, we see that |JL;_^_^ has to be a solution of + db"'' — and is 

therefore trivial by Proposition 5.1. 

Nontriviality: It remains to show that the cocycles a^+i = AC*"i are nontrivial. 
Indeed one can prove that AC*"^ = 5Mp_|_2 + dv^l^^ implies that XC*^i vanishes. It 
is straightforward when u;^2 ^p+i ^'^ ^'^^ depend explicitly on x: 5 and d bring 
in a derivative while AC*|\ does not contain any. If u and v depend explicitly on 
X, one must expand them and the equation XC*^i = 5Mp_|_2 + dVp^l according to the 
number of derivatives of the fields and antifields to reach the conclusion. Explicitly, 
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^*p+2 = + ■ ■ ■ + -"^+2,/ and v'^^l = v'^^I q + . . . + v'^^l^. If s > Z, the equation 

in degree s + 1 reads = d'v^^l ^ where d' does not differentiate with respect to 
the exphcit dependence in x. This in turn imphes that Wp+i ^ = d'Vp^l g_i and can 
be removed by redefining Vp^l'- "^p+i "^p+i '^'^p+i s-i- If ^ > s, the equation in 
degree / + 1 is = 5«p+2,/ and implies, together with the acyclicity of 5, that one 
can remove Mp_|_2,i by a trivial redefinition of Mp_|_2 • If / = s > 0, the equation in 
degree I + 1 reads = <^'"p+2, i + ^''^p+i / ■ Since there is no cohomology in antifield 
number p + 2, this implies that Up_^2,i — + ^''^p+2 i-i *^an be removed by 

trivial redefinitions: Up_^.2 — > i*p+2~<^'^p+3,i-i and v'^^l "^p+i ~ d'Up^2,i~i ■ Repeating 
the steps above, one can remove all Mp_,_2 i and t^p+i s for /, s > . One is left with 
^C** "1 = Sup_^_2^ + d'Vp^l^ Q . The derivative argument used in the case without explicit 
x-dependence now leads to the desired conclusion. □ 

Theorem 5.3. The cohomology groups H]^{S\ d) (k > 1) vanish unless k = n — r{n — 
p—1) for some strictly positive integer r . Furthermore, for those values of k , Hj^{S\ d) 
has at most one nontrivial class. 

Proof : We already know that H'^{5\ d) vanishes for /c > p + 1 and that H'^j^^{5 \ d) 
has one nontrivial class. Let us assume that the theorem has been proved for 
all /c's strictly greater than K (with K < p + 1) and extend it to K. With- 
out loss of generahty we can assume that the cocycles of d) take the form 
(up to trivial terms) aK = \iJ.i-iJ.p+i-K\j^i-j^q(j*^ ^^^^^ z^p+i.^^ + A*' where A does 
not involve the antifields and ix is at least bilinear in the antificlds. Taking the 
Euler-Lagrange derivative of the cocycle condition with respect to C]^_^ implies that 
Kt!:^^ = Ki-f^,>+i-K\vi...v,dx^'' . . . rfx^f+i-^ defines an element of H^'^^~^{d\ 6). If A 
is d-trivial modulo 6, then it is straightforward to check that \ClP~^~^~^^ is trivial 
or bilinear in the antifields. Using the isomorphism HQ^^^^{d\ 6) = Hll_p_i_^j^{6\ d), 
we see that A must be trivial unless n — p — 1 + K — n — r{n — p — 1) , in which case 
-f^"_p_i+x(^l has one nontrivial class. Since K = n — {r + l){n — p — 1) is also of 
the required form, the theorem extends to K. □ 

Theorem 5.4. Let r be a strictly positive integer. A complete set of representatives 
of H^{S\ d) (k = n — r{n — p — 1) > q) is given by the terms of form-degree n in 
the expansion of all possible homogeneous polynomials P{H) of degree r in H (or 
equivalently PiTi) of degree r inH). 

Proof : It is obvious from the definition of H and from Eq. (5.2.10) that the term of 

form-degree n in P^'''\H) has the right antifield number and is a cocycle of HJ!{S\ d). 
Furthermore, as 7i = H + d{. . .) , P^^\7{) belongs to the same cohomology class as 
P^^\H) and can as well be chosen as a representative of this class. To prove the 
theorem, it is then enough, by Theorem 5.3, to prove that the cocycle P^^\H) \ ^ is 
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nontrivial. The proof is by induction: we know the theorem to be true for r = 1 by 
Theorem 5.2, supposing that the theorem is true for r — 1, {i.e. [P^^~^\H)]'^^n-p-i 
is not trivial in -ff^+„_p_i(5|(i)) we prove that [P^'^\H)]l is not trivial either. 

Let us assume that [P^''\H)]l is trivial: [P('^)(^)]^ = Siuk+id^'x) + dv^'^. We 
take the Euler-Lagrange derivative of this equation with respect to C^^^ ^^^^ For 
k > q, it reads: 



where 



*^M[9ik[p+i-fci ~ ( ) ^(^'^ ^i[q]\'^[p+l-k]) ^0 nig]\[i'[p_k],Up+-i_k] , (5.6.26) 



SC. 



* M[<7]k[p+l-fe] 



k 



For k — q, there is an additional term: 

~(^0/i[qj|[i^[p_qJ,i^p+l_q] — Zq [^[gj|i/[j,_g],I/p+l_q]) • (5.6.27) 

The origin of the additional term lies in the fact that ^loes not possess 

all the irreducible components of [g] (g) + 1 — g] : the completely antisymmetric 
component [p + 1] is missing. Taking the Euler-Lagrange derivative with respect to 
this field thus involves projecting out this component. 

We will first solve the equation (5.6.26) for k > q, then come back to Eq.(5.6.27) 
for k — q. 

Explicit computation of a^j^ji for A; > g yields: 

where a is a constant tensor and the notation means the coefficient A^^^^^., 

with antifield number A;, of the p-form component of A = '^ki^k,i'ii]dx^'^ ...dx^K 
Considering the indices as form indices, Eq.(5.6.26) reads: 



r-l 



[ n H'^' 

i=l 



^m,]\pU\-K] 



{-)%zr,i-')+{-r'^'dzi^l 
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The latter equation is equivalent to 

(r-l) ^ 
L -LI in-v-l+k 



=1 



which contradicts the induction hypothesis. The assumption that [P^^^(^)]^ is trivial 
is thus wrong, which proves the theorem ior k > q. 

The philosophy of the resolution of Eq.(5.6.27) ior k — q goes as follows [74]: first, 
one has to constrain the last term of Eq. (5.6.27) in order to get an equation similar 
to the equation (5.6.26) treated previously, then one solves this equation in the same 
way as for k > q. 

Let us constrain the last term of Eq.(5.6.27). Eq.(5.6.27) and explicit computation 
of imply 

d[up+l_gO(^^^^\,^^_^^jX = (~)''^(<9[t,p_^i_g^l /ij^jl ;/[p_^j]a) — &f^[l/p+l_g^O^[q]|;/[p_q]],A 

^ b dxilH^Uo ^1 ... 'in .r-i AHn-P-i]-%4-i]] 

where b = (^^Y)(J^jz^. By the isomorphism H^{d\S)/R ^ H^{S\d) ^ , the latter 
equation implies 

(the constant solutions are removed by considering the equation in polynomial degree 

r — 1 in the fields and antifields.). Inserting this expression for 

^o[fHq]\uip_q],up+i-q] into Eq.(5.6.27) and redefining Zi in a suitable way yields 

Eq. (5.6.26) for k = q. The remaining of the proof is then the same as for k > q. □ 

These theorems give us a complete description of all the cohomology group 
Hl'{5\d) ioTk>q (with A; > 1). 



5.7 Invariant cohomology of S modulo d 

In this section, we compute the set of invariant solutions {k > q) of the equation 
6a^ + db^zl = 0, up to trivial terms = Sb^^^ + dc'lT^, where 6^^-^ and c^~^ are in- 
variant. This space of solutions is the invariant cohomology of 5 modulo rf, iJ^"^((5| d). 
We first compute representatives of all the cohomology classes of if^™(5| ci), then we 
sort out the cocycles without explicit x-dependence. 
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Theorem 5.5. For k > q, a complete set of invariant solutions of the equation 
Sa^ + db^zl = is given by the polynomials in the curvature and in H (modulo 

trivial solutions): 

5al + dhlzl = ^ < = P(X^+\ U) 1 1 + 5 1,1^, + dvl-' , 

where iJ-k+i cin-d ^'^^ invariant forms. 

Proof : Prom the previous section, we know that for A; > 5 the general solution 
of the equation 5al + dhlz\ = is = Q{n)\l + 5ml^^ + dnl'^ where Q{n) is a 
homogeneous polynomials of degree r in (it exists only when k = n — r{n — p — l)). 
Note that ml_^_l and n^~^ are not necessarily invariant. However, one can prove the 
following theorem (the lengthy proof of which is provided in the appendix D.l): 

Theorem 5.6. Let be an invariant polynomial (k > q). If ol^ — 5?7t.^+i + dn^~^ , 
then 

where R^'^''\K'i+'\n) is a polynomial of degree s in K'^~^^ and r in Ti, such that the 
strictly positive integers s, r satisfy n = r{n—p — 1) + /c + s{q + 1) and and 
are invariant forms. 

As and Q{'H) \ ^ are invariant, this theorem implies that 

where P^'^'-\Ki+\n) is a polynomial of non-negative degree s in K'^^^ and of strictly 
positive degree r in Ti. Note that the polynomials of non-vanishing degree in K'^'^^ 
are trivial in H]^{5\ d) but not necessarily in if^*™(5| d). □ 

Part of the solutions found in Theorem 5.5 depend explicitely on the coordinate 
X, because 7i. \ q does. Therefore the question arises whether there exist other repre- 
sentatives of the same nontrivial equivalence class [P(^''^) (K'?+\ 7Y) | ^] e //^'"^(5 | d) 
that do not depend explicitly on x. The answer is negative when r > 1. In other 
words, we can prove the general theorem: 

Theorem 5.7. When r > 1, there is no nontrivial invariant cocycle in the equivalence 
class [P^^'^\K'^~^^,H)\'^] e HJ^^'^'"{5 \ d) without explicit x- dependence. 

To do so, we first prove the following lemma: 

Lemma 5.2. Let P{K'^^^ ,0.) be a homogeneous polynomial of order s in the curvature 
K'^^^ and r inli. If r > 2, then the component P{K'^^^,7i)\l o^l^CLys contain terms 
of order r — m 7Y| o- 
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Proof : Indeed, P{K'i'^^,'H) can be freely expanded in terms of H] o and the un- 
differentiated antifield forms. The Grassmann parity is the same for all terms in the 
expansion of Ti, therefore the expansion is the binomial expansion up to the overall 
coefficient of the homogeneous polynomial and up to relative signs obtained when 
reordering all terms. Hence, the component P{K'^~^^,H)\l always contains a term 
that is a product of (r — 1) 7i| o~*'~''^'s, a single antifield (7*"'-p-i+'= g^^id s curvatures, 
which possesses the correct degrees as can be checked straightforwardly. □ 
Proof of Theorem 5.7: Let us assume that there exists a non-vanishing invari- 
ant ^-independent representative a^'*'^" of the equivalence class 
[p(''^){K^+\n)\'^] e Hl'''''^{6 I d), I.e. 

p(.,0(i^.+i, 7i)|^ + bpl^^ + dot' = al'-'' , (5.7.28) 

where p^_,_j^ and cr^~^ are invariant and allowed to depend explicitly on x. 

We define the descent map / : <^m-\ ^^ch that 5q;^ -|- d(/~\ — 0, for 

r < n. This map is well-defined on equivalence classes of W"''"{5\d) when m > 1 and 
preserves the ,x-indcpendence of a representative. Hence, going down k — 1 steps, it 
is clear that the equation (5.7.28) implies: 

with <-^+i'"^vo. 

We can decompose this equation in the polynomial degree in the fields, antifields, 
and all their derivatives. Since S and d are linear operators, they preserve this degree; 
therefore 

p(s,r)(;^.+i^7^)|n-.+i + 5^n-.+i + ^^n-.^ ^ a^'Z''''''' , (5.7.29) 

where r + s denotes the polynomial degree. The homogeneous polynomial 
tti^+t^'*"*" '^^ polynomial degree r + s is linear in the antifields of antifield number 
equal to one, and depends on the fields only through the curvature. 
Finally, we introduce the number operator defined by 

d 



-r{r-rl)dp,...dp^^\ 



d .. d 



d{dp,...dp^^\) ^x^^ 



where {$^} denotes the set of all antifields. It follows immediately that 5 and d are 
homogeneous of degree one and the degree of 7i is also equal to one. 



N{5) = N{d) = 1 = N(n) 
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Therefore, the decomposition in A'"-degree of the equation (5.7.29) reads in A'"-degree 
equal to m — r + 2s, 

p{s,r)(^j^q+ ,7Y)|"^^"^ -\- 5p2^r+s,r+2s-l'^ ^'^l,r+s,r+2s-l — ^l,r+s,r+2s (5.7.30) 

and, in iV-degree equal to m > r + 2s, 

r n-fc+l I J^n-fc _ n-k+l,inv 

The component al'^^^^^T^s N-degree equal to r + 2s is x-independent, depends 
linearly on the (possibly differentiated) antifield of antifield mimber 1, and is of order 
r + s — 1 in the (possibly differentiated) curvatures. Direct counting shows that there 
is no polynomial of iV-degree equal to r + 2s satisfying these requirements when r > 2. 
Indeed, one would have > 2r + 2s — 1 , which is compatible with N — r + 2s only 
for r < 1. Thus for r > 2 the component a^'J^g^^^^^^ vanishes, and then the equation 
(5.7.30) imphes that P(^''')(X«+\ 7T(;)|i~+t^ is trivial (and even vanishes when s = 0, 
by Theorem 5.4). 

In conclusion, if P{K'^^^ ,0.) is a polynomial that is quadratic or more in Ti, then 
there exists no nontrivial invariant representative without explicit x-dependence in 
the cohomology class [P{K'^+\n)] of H'''''{6\d). □ 

This leads us to the following theorem: 

Theorem 5.8. The invariant solutions (k > q) of the equation 5a^ + dUlZi = 
without explicit x- dependence are all trivial in H^^^{S\ d) unless k — p -\- 1 — s{q + 1) 
for some non-negative integer s. For those values of k, the nontrivial representatives 
are given by polynomials that are linear in (7*"~p~i+'= ^^^^ of order s in K'^'^^. 

Proof : By Theorem 5.5, invariant solutions of the equation Sa^ + dh^Zl — are 
polynomials in X^"*"^ and H modulo trivial terms. When the polynomial is quadratic 
or more in 7i, then Theorem 5.7 states that there is no representative without explicit 
x-dependence in its cohomology class, which implies that it should be rejected. The 
remaining solutions are the polynomials linear in T-C] ^ = g^^d of arbitrary 

order in K'^'^^. They are invariant and x-independent, they thus belong to the set of 
looked-for solutions. □ 

5.8 Self-interactions 

The proof is given for a single [p, g]-field (f) but extends trivially to a set {(/)"'} containing 
a finite number n of them (with fixed p and q) by writing some internal index a = 
1, . . . ,N everywhere. 

It was shown in Section 4.3 that the first-order nontrivial consistent local interac- 
tions are in one-to-one correspondence with elements a of the cohomology if"'°(s| d) 
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of the BRST-differential s modulo the total derivative d , in maximum form-degree n 
and in ghost number . Let us recall (Section 4.2.4) that (i) the antifield-independent 
piece is the deformation of the Lagrangian; (ii) the terms linear in the ghosts contain 
the information about the deformation of the reducibility conditions; (iii) the other 
terms give the information about the deformation of the gauge algebra. 

The general procedure to compute d) has been explained in Section 4.3.1. 

One can check that the assumptions stated in the latter section are satisfied by the 
theory we are dealing with. Indeed, the BRST-differential splits as the sum of the 
differentials 7 and 6 given in Section 5.2.2 ; the property (4.3.67) is the consequence 
of Lemma 5.1, i.e. (5.5.24) ; finally, one defines the action of the differential D as 
giving zero except for 

^^S'.'^.. = dx>^^d^,A^;:;%^^ = {-Ydx^^Dl,,,^^ , 

and the £)-degree is the number of -D°^ This number is obviously bounded at 
given pureghost number. 

Let us summarize the computation of Section 4.3.1 . A solution a oi sa + dh = Q 
can be decomposed according to the antifield number as a = oq + ai + . . . + a^, where 
has antifield number i and satisfies the descent 

5ai + 700 + dho = , 
6a2 + 701 + dbi — , 

Sttk + 7afe-i + dbk-i = , 

7afe = 0. (5.8.31) 

The last equation of this descent implies that = ajuj^ where aj is an invariant 
polynomial and u"^ is a polynomial in the ghosts of i?(7): A^^^^'^^ and D^^^^^^. Insert- 
ing this expression for Ofc into the second equation from the bottom leads to the result 
that aj should be an element of /J^'*"^(5| d) ^. Furthermore, if aj is trivial in this 
group, then can be removed by trivial redefinitions. The vanishing of i7^'*™(5| d) 
is thus a sufficient condition to remove the component from a. It is however not a 
necessary condition, as we will see in the sequel. 

5.8.1 Computation of for k > \ 

Nontrivial interactions correspond to nontrivial elements of H'^''''™{5\ d). The require- 
ment that the Lagrangian should be translation-invariant implies that we can restrict 

^To be precise, the last statement applies to the component of aj of lowest £>-degree. 
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ourselves to x-independent elements of this group. By Theorem 5.8, d) 
contains nontrivial x-independent elements only if /c = p + 1 — s{q + 1) for some 
non-negative integer s. The form of the nontrivial elements is then 
'^k ~ Cl"'~''^~^~^'^ {K'^'^^Y . In order to be (possibly) nontrivial, must thus be a 
polynomial linear in (j*^-p-'^+'^ ^ of order s in the curvature and of appropriate 

orders in the ghosts aL^T''^^ and D° , . 

° mi] M[p+il 

As Qk has ghost number zero, the antifield number of should match its pureghost 
number. Consequently, as the ghosts A^^j ^'^^ and -D^j^^^j have pureghost = p and q 
respectively, the equation k = rp + mq should be satisfied for some positive integers 
r and rri. If there is no couple of integers r, m to match /c, then no a^. satisfying the 
equations of the descent (5.8.31) can be constructed and thus vanishes. 

In the sequel, we will suppose that r and m satisfying k — rp + mq can be found 
and classify the different cases according to the value of r and m: (i) r > 2, (ii) r — 1, 
(iii) r = 0, m > 1, and (iv) r = 0, m = 1. We will show that the corresponding 
candidates ak are either obstructed in the lift to Oq or that they are trivial, except 
in the case (iv). In that case, can be lifted but gq depends explicitly on x and 
contains more than two derivatives. 



(i) Candidates with r > 2 : The constraints k <p+l and k — rp + mq have no 
solutions^. 



(ii) Candidates with r = 1 : The conditions k = mq+p <p+l are only satisfied 
for = 1 = m. As shown in a particular case and guessed in general in [72], the lift 
of these candidates is obstructed after one step without any additionnal assumption. 

Let us be more explicit. Given the constraints on r, q qnd m, one has k — p 
and s = 0. The candidate thus reads 

where / is some covariantly constant tensor that contracts the indices, i. e. it is build 
out of metrics and Levi-Civita densities. Since p> 1 and n > p + 2 by assumption, / 
must be the Levi-Civita density: f>^^'^\p{v+i\ ^mj^pip+i] the space-time dimension 
must be n = p -|- 3. One can easily lift ap_^i a first time. The lift a^"^ is of the form 



„ra— 1 
Q, ~ 



up to some signs and factors irrelevant for our argument. 

However, there is an obstruction to the construction of dpZi ■ Let us first as- 
sume that p > 2 . Using dD^ = , one computes that 5a^~^ is proportional to 

"^There is a solution in the case previously considered in [71], where p = q = 1, r = 2. The latter 
solution gives rise to Einstein's theory of gravity. 
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^Pip+if^'^^^"'^^^ ' iiiodulo d- and 7-coboundaries. This term is not 7- 
exact modulo d The whole candidate must thus vanish. 

In the case p = 2 , the same obstruction is present, as well as another one. In- 
deed, the 5-variation of the second term of flp^^ now involves the nontrivial term 
CpH^i'^ i^D'l^^dx'^ dx'^ Dp^^^e^'^^i'-^^ . Obviously, it does not cancel the first obstruction, so 
the conclusion stays the same. 



(ill) Candidates with r — 0, m > 1 : For a nontrivial candidate to exist at A; = 
mq, Theorem 5.8 tells us that p and q should satisfy the relation p + 1 — mq + slq + l) 
for some positive or null integer s. The candidate then has the form 

where uj(^s^„i) is a polynomial of order s in the curvature form and of order m in the 
ghost D° (see Section 5.4.2 for further details about this lu and the ones that appear 
later in the descent). 

We will show that these candidates are either trivial or that there is an obstruction 
to lift them up to Cq after q steps. 

It is straightforward to check that, for 1 < j < q, the terms 

„n _ /^*n-p-l+mq-j s{q+l)+j,mq-j 
"'mq-j — ^mq-j ^ 

satisfy the descent equations, since, as m > 1, all antifields C^Z^~^~^"^'^^'' are invari- 
ant. The set of summed indices z^[q] is implicit as well as the homogeneity degree of 
the generating polynomials u!(s,m)- We can thus lift up to d^rn-i)q- As m > 1, this 
is not yet oq . 

However, unless is trivial, there is no such that 

7(a(U-i),-i) + ^U-i). + dPim-i)q-i = • (5-8.32) 

Indeed, we have 

r n _ , ,(s+l)(g+l),(m-l)q-l\ 

''"(m-l)q - 7l<--(m-l)g-l ^ ) 



I / \n-mg ^*n-(s+l)(g+l) r^q+l 
+ {-) 

Without loss of generality, we can suppose that 



s{q+^),{m-l)q 



n _ i^*n-{s+l){q+l) n 

"(m-l)q-l — ^(ra-l)q-l "o "I" "(m-l)?-l > 



^This is easily seen by a reasoning similar to the one used at the end of Section 6.7.2. 



102 



Interactions for exotic spin-2 fields 



where there is an imphcit summation over all possible coefficients 00*"^^^^^"*"^^ and most 
importantly the two a's do not^ depend on C*^_^^g_^. Taking the Euler- Lagrange 
derivative of Eq. (5.8.32) with respect to C'(*^_i)g_i yields 

The product of nontrivial elements of H{'y) in the r.h.s. is not 7-exact and constitutes 
an obstruction to the lift of the candidate, unless it vanishes. The latter happens only 
when the polynomial u!(^s,m) can be expressed as 

for some polynomial D) of order s — 1 in K'^'^^ and m+1 in D. However, 

in this case, can be removed by the trivial redefinition 

This completes the proof that these candidates are either trivial or that their lift 
is obstructed. As a consequence, they do not lead to consistent interactions and can 
be rejected. Let us stress that no extra assumptions are needed to get this result. In 
the particular case q — I, this had already been guessed but not been proved in [72]. 

(iv) Candidates with r = , m = 1 : These candidates exist only when the 
condition p + 2 = (s + l)(g + 1) is satisfied, for some strictly positive integer s . It is 
useful for the analysis to write the indices explicitly: 

a 



1 



,1=1 



1+1 



where is a constant tensor. 

We can split the analysis into two cases: (i) g — > (— under the exchange 
f^[p+i] ^ f^^\p+i\^ ^^^) 3 ~^ i~y^^9 under the same transformation. 

In the case (i), can be removed by adding the trivial term sm" where m'^ — 

Yl'jtq'fT^j and 



1 /^"^ 



D,,s D ,3+1 



^This is not true in the case — excluded in this paper — where p = q = 1 and m = 2 : since 

^*m-i)q-i = ^0 ti^s antificld number zero, the antifield number coimting docs not forbid that the 
o's depend on Cq. Candidates arising in this way are treated in [123] and give rise to a consistent 
deformation of Fierz-PauU's theory in n = 3. 
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This construction does not work in the case (ii) where the symmetry of g makes m" 
vanish. 

In the case (ii), the candidate can be hfted up to a^: 

U J '[n-p-q-1] '^[p+l] 

where the constant tensor / is defined by 

fiP+i] II '^Uu I -I = ^'^M II I -I /[P+i] 

J "^[n — p — q—l] y ^ 




Let us first note that this deformation does not affect the gauge algebra, since it is 
linear in the ghosts. 

The Lagrangian deformation Oq depends explicitly on x, which is not a contra- 
diction with translation invariance of the physical theory if the x-dependence of the 
Lagrangian can be removed by adding a total derivative and/or a S-exact term. If it 
were the case, Cq would have the form = xG{. . .) + x^d{. . We have no proof 
that Oq does not have this form, but it is not obvious and we think it very unlikely. 
In any case, this deformation is ruled out if one requires that the deformation of the 
Lagrangian contains at most two derivatives. 

So far, we have considered all the possible deformations that involve terms with 
k > 2 and we have checked whether they have a Lagrangian counterpart. We now 
turn to the deformations that stop at antifield number one or zero. 



5.8.2 Computation of ai 

The term oi vanishes without any further assumption when q > 1 . Indeed, when 
g > 1 , the vanishing of the cohomology of 7 in puregh 1 implies that there is no 
nontrivial ai . 

This is not true when g = 1, as there are some nontrivial cocycles with pureghost 
number equal to one. However, it can be shown [72] that any nontrivial a" leads to 
a deformation of the Lagrangian with at least four derivatives. 



5.8.3 Computation of ao 

This leaves us with the problem of solving the equation ja^ + d 6q = for . Such 
solutions correspond to deformations of the Lagrangian that are invariant up to a 
total derivative. Their Euler-Lagrange derivatives ^ must be gauge invariant and 
must satisfy Bianchi identities of the type (5.1.7) (because of the gauge invariance 
of J ao). Asking that Oq should not contain more than two derivatives, we obtain 
that ^ must be at most hnear in the curvature K . These three conditions together 
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completely constrain oq and have only two Lorentz-invariant solutions. The first one 
is a cosmological-constant-like term that exists only when p — q: 

ao = Av,.^u, . . . V/.^u.C^'-'''^'''-''' ■ (5.8.33) 

The second one, where ^ are linear in the curvature K, is the free Lagrangian 
itself [25]. 

So we conclude that, apart from a cosmological-constant-like term, the deforma- 
tion only changes the coefficient of the free Lagrangian and is not essential. 

5.8.4 Results and discussion 

We have investigated in flat space and under the assumptions of locality and Poincare 
invariance the possibility of introducing interactions consistently. 

We have shown that there is no consistent smooth deformation of the free theory 
for [p, g]-type tensor gauge fields with p > 1 that modifies the gauge algebra. The 
algebra thus always remains Abelian, which is unlike the case p = q = 1 of linearized 
gravity, since the latter can be consistently deformed into the non-Abelian Einstein 
theory. 

This result can be compared to a similar result for vector fields and p-forms. 
The Maxwell theory of the electromagnetic field can be deformed into non-Abelian 
Yang- Mills theories, while there are no non-Abelian theories for p- forms {p > 1) [70]. 

The constraint on the deformations that modify the gauge transformations but 
leave them Abelian is very restrictive as well. Indeed, for q > I, there exists no such 
deformation when there is no positive integer r such that p+2 = (r-|-l)(g-|-l). In that 
case, there might exist a consistent deformation of the gauge transformations but it 
is not obvious whether the corresponding deformation of the Lagrangian is invariant 
under translations or not. For q = 1, there is no strong constraint. In all cases, the 
deformations lead to Lagrangians that have at least four derivatives. 

One can again compare this result with the corresponding result for p-forms. It is 
interesting to notice that the potential deformation for g > 1 has the same structure 
as the Chapline-Manton deformation of theories with several p-forms (see Appendix 
B). However, in the \p,q]-case, the ghost number zero element of H is not gauge 
invariant as it is for p-forms, and it is not known whether there is a gauge invariant 
element without explicit x-dependcnce in its equivalence class in H{6\d) . This is the 
reason for the doubt on the invariance under translations of the candidate. 

One can also consider interactions that do not modify the gauge transformations. 
If one excludes deformations that involve more than two derivatives in the Lagrangian, 
one finds only a cosmological constant-like term for p = g. 
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No complete analysis has been done for the case where more derivatives are al- 
lowed. One can however say that any polynomial in the curvature is an acceptable 
deformation. Furthermore, analogues of Chern-Simons terms also exist, like the term 

in n = 2q + 1 and with q odd. 

If one introduces other fields, then new possibilities arise. For example, one can 
couple [p, g] -fields to p'- forms by a generalization of the Chapline-Manton interac- 
tion (Appendix B) . The gauge transformations of the p'-form are deformed by this 
interaction, but not those of the [p, g]-field. 



106 Interactions for exotic spin-2 fields 



Chapter 6 

Interactions for spin-3 fields 



In this chapter, the problem of introducing consistent interactions among spin-3 
gauge fields [76,77] is analysed in Minkowski space-time R"~^'^ (n > 3) using BRST- 
cohomological methods. Under the assumptions of locality and Poincare invariance, 
all the perturbative, consistent deformations of the Abelian gauge algebra are deter- 
mined, together with the corresponding deformations of the quadratic action, at first 
order in the deformation parameter. Conditions for the consistency of the algebra at 
second order are examined as well. 

Following the cohomological procedure, we first classify all the possible first-order 
deformations of the spin-3 gauge algebra. Then, wc investigate whether these algebra- 
deforming terms give rise to consistent first-order vertices. The parity-preserving and 
the parity-breaking terms are considered separately. In both cases, two deformations 
are found that make the algebra non-Abehan. All these algebra-deforming terms lead 
to nontrivial deformations of the quadratic Lagrangian, modulo some constraints on 
the structure constants. 

When parity invariance is demanded, on top of the covariant cubic vertex of 
Berends, Burgers and van Dam [50], a cubic vertex is found which corresponds to a 
non- Abelian gauge algebra related to an internal, non-commutative, invariant-normed 
algebra (hke in Yang-Mills's theories). This new cubic vertex brings in five derivatives 
of the field: it is of the form C,\ ~ g[abc]{h"'d'^h''d'^h'^ + h'^dh^d'^h'^). At second order, 
the Bcrcnds-Burgers-van Dam vertex is ruled out by a first test of consistency, which 
the five-derivative vertex passes. 

In the parity-breaking case, non- Abelian deformations of the spin-3 algebra exist 
in space-time dimensions n — 3 and n — 5 , and lead to consistent vertices. The first 
one, in dimension n = 3, is defined for spin-3 gauge fields that take value in an internal, 
anticommutativc, invariant-normed algebra A, while the second one is defined in a 
space-time of dimension n = 5 for fields that take value in a commutative, invariant- 
normed internal algebra B. However, as we demonstrate, consistency conditions at 
second order in the coupling imply that the algebras A and B must also be nilpotent 
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of order three and associative, respectively. In turn, this means that the n — 3 parity- 
breaking deformation is trivial while the algebra B is a, direct sum of one-dimensional 
ideals — provided the metrics which define the norms in A and B are positive-definite, 
which is required by the positivity of energy. Essentially, this signifies that we may 
consider only one single self-interacting spin-3 gauge field in the n — 5 case, similarly 
to what happens in Einstein gravity [71]. 



The chapter is organized as follows. In Section 6.1, we review the free theory 
of massless spin-3 gauge fields represented by completely symmetric rank-3 tensors. 
The sections 6.2 to 6.6 gather together the main BRST results needed for the ex- 
haustive treatment of the interaction problem: The BRST spectrum of the theory 
is presented in Section 6.2. Some cohomological results have already been obtained 
in [124], such as the cohomology H*{'y) of the gauge differential 7 and the so called 
characteristic cohomology H'l^{6\d) in antifield number k > 2. We recall the content of 
these groups in Sections 6.3 and 6.5. Section 6.4 is devoted to the invariant Poincare 
Lemma and to H{'-f\d) . The calculation of the invariant characteristic cohomology 
HJ^{S\d, H{j)) constitutes the core of the BRST analysis and is achieved in Section 
6.6. Several technicalities related to Schouten identities left to the appendix D.2. 
The self-interaction question is finally answered in Sections 6.7 and 6.8, for parity- 
invariant and parity-breaking deformations respectively. To conclude, we summarize 
the results and discuss them in Section 6.9. 



Let us stress that the computations of the cohomology groups are not merely trivial 
generalizations of the corresponding computations for spin two. Indeed, an important 
feature of spin-3 fields, which is absent from the spin-2 case, is the tracelessness 
condition on the gauge parameter. Quadratic non-local actions [20, 21] have been 
proposed in order to get rid of this trace constraint, but we do not discuss the non- 
local formulation here because an important hypothesis of the BRST procedure is 
locality. ^ 



^Notice that by introducing a pure gauge field (sometimes refered to as "compensator"), it is 
possible to write a local (but higher-derivative) action for spin-3 [20, 21] that is invariant under 

unconstrained gauge transformations. Very recently, this action was generalized to the arbitrary 
spin-s case by further adding an auxiliary field [22] (see also [125] for an older non "minimal" 
version of it). 
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6.1 Free theory 

The local action for a collection {h1^^^} of N non-interacting completely symmetric 
massless spin- 3 gauge fields in flat space-time is [6] (see Chapter 1) 

TV 
a=l 

^ d^hldf'h'"' + ^ di^h'^^d^h'"' -Zd^hldph'^p^''' ] (6.1.1) 

where /i^ := v'^^h^i^p ■ The Latin indices are internal indices taking N values. They 
are raised and lowered with the Kronecker delta's 5"'' and Sab- The Greek indices are 
space-time indices taking n values, which are lowered (resp. raised) with the "mostly 
plus" Minkowski metric ?7^j, (resp. f]'^"). 

The action (6.1.1) is invariant under the gauge transformations 

SxK,p-^d^,K,), V'"'K^ = 0, (6.1.2) 

where the gauge parameters A^^ are symmetric and traceless. Curved (resp. square) 
brackets on space-time indices denote strength-one complete symmetrization (resp. 
antisymmetrization) of the indices. The gauge transformations (6.1.2) are Abelian 
and irreducible. 



The field equations read 



^^Gr = 0, (6.1.3) 

where 

F;., - lvi,.F^) (6.1.4) 
is the "Einstein" tensor and F^^^^ the Pronsdal (or "Ricci" ) tensor 

■■= °hl^p - 3 d'^d^^K^^, + 3 d^^d^h;^ . (6.1.5) 

We denote = rf^Ffj^^p . The Pronsdal tensor is gauge invariant thanks to the 

tracelessness of the gauge parameters. Because the action is invariant under the 
gauge transformations (6.1.2), 



a=l 
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where := V^^G'^^vp-, the Einstein tensor G^^^ satisfies the Noether identities 

d'^Gl,^-'^r)^,d''Gl = Q. (6.1.6) 

These identities have the symmetries of the gauge parameters A^j, ; in other words, 
the l.h.s. of Eq.(6.1.6) is symmetric and traceless. 

The gauge symmetries enable one to get rid of some components of /t^j,^ , leaving 
it on-shell with independent physical components, where iVJ is the dimension of 
the irreducible representation of the "little group" 0(n — 2) (n > 3) corresponding 
to a completely symmetric rank 3 traceless tensor in dimension n — 2. One has 
= ~^"+^^ . Of course, iV| = 2 for the two helicity states ±3 in dimension 

n — 4 . Note also that there is no propagating physical degree of freedom in n = 3 
since — . This means that the theory in n = 3 is topological. 

An important object is the curvature (or "Riemann") tensor [8,94,126] 

which is antisymmetric in a/j, , , and invariant under gauge transformations 
(6.1.2), where the gauge parameters A^j, are however not necessarily traceless. 

Its importance, apart from gauge invariance with unconstrained gauge parameters, 
stems from the fact that the field equations (6.1.3) are equivalent^ to the following 
equations 

This was proved in the work [24, 127] by combining various former results [20,21,43, 
94,98]. 

There exists another field equation for completely symmetric gauge fields in the 
unconstrained approach, which also involves the curvature tensor but is non-local [20] 
(see also [21]). The equivalence between both unconstrained field equations was 
proved in [24]. One of the advantages of the non-local field equation of [20] is that it 
can be derived from an action principle. The equation (6.1.7) is obtained from the 
general n-dimensional bosonic mixed symmetry case [24] by specifying to a completely 
symmetric rank-3 gauge field and is [127] a generalization of Bargmann-Wigner's 
equations in n = 4 [2]. However, it cannot be directly obtained from an action 
principle. For a recent work in direct relation to [20,21], see [22]. 

Notice that when n = 3, the equation (6.1.7) implies that the curvature vanishes 
on-shell, which refiects the "topological" nature of the theory in the corresponding 

^As usual in field theory, wc work in the space S of C°° functions that, together with all their 
derivatives, decrease to zero at infinity faster than any negative power of the coordinates. In par- 
ticular, polynomials in are forbidden. 
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dimension. This is similar to what happens in 3-dimensional Einstein gravity, where 
the vacuum field equations R^^, := R°'^au ~ imply that the Riemann tensor i?"^^,^ is 
zero on-shell. The latter property derives from the fact that the conformally-invariant 
Weyl tensor identically vanishes in dimension 3 , allowing the Riemann tensor to be ex- 
pressed entirely in terms of the Ricci tensor i?^,^ . Those properties are a consequence 
of a general theorem (see [128] p. 394) which states that a tensor transforming in 
an irreducible representation of 0{n) identically vanishes if the corresponding Young 
diagram is such that the sum of the lengths of the first two columns exceeds n . 
Accordingly, in dimension n = 3 the curvature tensor K^^^^^^^^ can be written [94] 

as 

a _ 4 a 

^anlPul-rp = '^i^anm-rVplv] + Spu\['y[a''^^l]p] + ^Jp\[a[|3''^l']^l]) , (6.1.8) 

where the tensor S";, is defined, in dimension n = 3, by 

29[«F;] r],p - dpF^^ r^^], - d,F^^ r]^]p + d^F^l rj^)^ - d^F^l i]p)^ . 

It is antisymmetric in its first two indices and symmetric in its last two indices. For 
the expression of S^^^^^ in arbitrary dimension n > 1 , see [94] where the curvature 
tensor K^^^^ 

vYip decomposed under the (pseudo-)orthogonal group 0{n 1, 1) . 
The latter reference contains a very careful analysis of the structure of Pronsdal's 
spin-3 gauge theory, as well as an interesting "topologically massive" spin-3 theory in 
dimension n = 3 . 



'^ap\vp ~ ^^\(x^ p\vp n 



6.2 BRST construction 

According to the general rules of the BRST-antifield formalism (Section 4.2), a 
Grassmann-odd ghost C^^ is introduced, which accompanies each Grassmann-even 
gauge parameter A^^,. In particular, it possesses the same algebraic symmetries as 
A^^: it is symmetric and traceless in its space-time indices. Then, to each field 
and ghost of the spectrum, a corresponding antifield is added, with the same al- 
gebraic symmetries but the opposite Grassmann parity. A Z-grading called ghost 
number (gh) is associated with the BRST differential s, while the antifield num- 
ber (antifield) of the antifield Z* associated with the field (or ghost) Z is given 
by antifield{Z*) = gh{Z) + 1 . More precisely, in the theory under consideration, 
the spectrum of fields (including ghosts) and antifields together with their respective 
ghost and antifield numbers is given by 

• the fields h^^p , with ghost number and antifield number 0; 

• the ghosts C" , with ghost number 1 and antifield number 0; 
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• the antifields /i*'*'^^ , with ghost number —1 and antifield number 1; 

• the antifields C^^^ , with ghost number —2 and antifield number 2 . 

The BRST differential s of the free theory (6.1.1), (6.1.2) is generated by the func- 
tional 

Wo = -Soi/ii + J rx {shr^d^c:^) . 

More precisely, Wq is the generator of the BRST differential s of the free theory 
through 

sA={Wo,A) 

where the antibracket ( , ) has been defined by Eq. (4.2.23). The functional Wq is a 
solution of the master equation 

{Wo,Wo)=0. (6.2.9) 

In the theory at hand, the BRST-differential s decomposes into 

s = 7 + 5. (6.2.10) 

The first piece 7 , the differential along the gauge orbits, is associated with another 
grading called pureghost number (pureghost) and increases it by one unit, whereas the 
Koszul-Tate differential 6 decreases the antifield number by one unit. The differential 
s increases the ghost number by one unit. Furthermore, the ghost, antifield and 
pureghost gradings are not independent. We have the relation 

gh — pureghost — antifield . (6.2.11) 

The pureghost number, antifield number, ghost number and Grassmann parity of 
the various fields are displayed in Table 6.1. 



z 


puregh{Z) 


anti f ield{Z) 


gh{Z) 


parity (mod 2) 


"'a 














1 






1 


1 

-1 


1 
1 


CT 





2 


-2 






Table 6.1: pureghost number, antifield number, ghost number and parity of the 
(anti) fields. 
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The action of the differentials 5 and 7 gives zero on all the fields of the formalism 
except in the few following cases: 

6Cr = -3{d,hr^--ri^''d,h*J>), 

Th 

Let us draw attention on the right-hand side of the second equation. It is built from 
the Noether identities (6.1.6) for the equations of motion by replacing the latter by 
the antifield h^^^f . It thus exhibits the tracelessness property of the gauge parameter. 



6.3 Cohomology of 7 

In the context of local free theories in Minkowski space for massless spin-s gauge 
fields represented by completely symmetric (and double traceless when s > 3) rank 
s tensors, the groups H*{j) have recently been calculated [124]. We only recall the 
latter results in the special case s ~ 3 and introduce some new notations. 

Proposition 1. The cohomology ofj is isomorphic to the space of functions depend- 
ing on 

• the antifields hl'^'^f, C*^*" and their derivatives, denoted by , 

• the curvature and its derivatives [K^^j^^p^^^p] , 

• the symmetrized derivatives d^^_^ . . . d^^F^^^-^ of the Fronsdal tensor, 

• the ghosts C^^ and the traceless parts of d^^C^^^ and d^^C^^^^^y 
Thus, identifying with zero any ^ -exact term in H{'y), we have 

7/ = 

if and only if 

where {F^^^^} stands for the completely symmetrized derivatives d^^_^ . . . d^^F^^^-^ of the 

Fronsdal tensor, while T^^^^ denotes the traceless part ofT^^^^ := d^^C^^^ and U^^^^^ 
the traceless paH ofV^^^^^ := d^^C^^^^^^^ . 
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This proposition provides the possibihty of writing down the most general gauge- 
invariant interaction terms. Such higher-derivative Born-lnfeld-like Lagrangians were 
already considered in [57]. These deformations are consistent to all orders but they do 
not deform the gauge transformations (6.1.2). Also notice that any function involving 
the Pronsdal tensor or its derivatives corresponds to a field redefinition since it is 
proportional to the equations of motion (cf. (4.3.55)). 

Let {u!^} be a basis of the space of polynomials in the C^^, T^^^^ and U^^^^^ (since 
these variables anticommute, this space is finite-dimensional). If a local form a is 
7-closed, we have 

^a = ^ a = aji[^%[K],{F})u'iC;,,t^^,,U:^^p,)+^b, (6.3.12) 

If a has a fixed, finite ghost number, then a can only contain a finite number of 
antifields. Moreover, since the local form a possesses a finite number of derivatives, 
we find that the aj are polynomials. Such polynomials q;j( [K], {F}) are called 
invariant polynomials. 

Renicirk 1: Because of the Damour-Deser identity [94] 

afS jy- — 9 r) F 

the derivatives of the Fronsdal tensor are not all independent of the curvature tensor 
K. This is why, in Proposition 1, the completely symmetrized derivatives of F appear, 
together with all the derivatives of the curvature K. However, from now on, we will 
assume that every time the trace r]""^ Ka^\i3y\^p appears, we substitute 25[-yFp]^j, for 
it. With this convention, we can write aj ([$**], [K], [F]) instead of the unconvenient 
notation aj([$"], [Kl{F}). 

Remark 2: Proposition 1 must be slightly modified in the special n = 3 case. As 
we said in the section 6.1, the curvature tensor K can be expressed in terms of the 
first partial derivatives of the Fronsdal tensor, see Eq.(6.1.8). Moreover, the ghost 
variable Uat^i/Bu identically vanishes because it possesses the symmetry of the Weyl 
tensor. Thus, in dimension n = 3 we have 

^a = ^ aji[<^%[F])uj'iC;,,t^^,)+jb. (6.3.13) 

Another simplifying property in n = 3 is that the variable T^^j^^^ can be replaced by 
its dual 

e'\T;,\p {T;.\p = -\e^:f:^) (6.3.14) 

which is readily seen to be symmetric and traceless, as a consequence of the symme- 
tries of f »^|, ; 

T:f, = ^a. n'^^T^ap-^- (6-3.15) 



6.4 Invariant Poincctre lemma and property of H{'y\d) 
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Remcirk 3: It is possible to make a link with the variables occurring in the frame- 
like first-order formulation of free massless spin-3 fields in Minkowski space-time [9] 
(see Section 2.2). In this context, the spin-3 field is represented off-shell by a frame- 
like object e^\ab, symmetric and traceless in the internal indices (a, 6). The spin-3 
connection Wn\b\aia2 is traceless in the internal latin indices, symmetric in (01,02) 
and obeys 0Un\(b\aia2) = 0. The gauge transformations are Se^iab = 9^Ca& + Q;^|a&, 
Suj^,\b\aia2 = d^ab\aia2 + ^fi\b\aia.2, whcrc the parameter ^ab is symmetric and traceless 
in (a, 6), the generalized Lorentz parameter a^iat is completely traceless, symmetric 
in {a,b) and satisfies the identity a(^^\ab) = 0, so that it belongs to the o{n — 1, 1)- 



irreducible module labeled by the Young tableau -jj ■ Finally, the parameter T^^iaibc 
transforms in the o{n — 1, 1) irreducible representation associated with the Young 

tableau -^-^ , in the manifestly symmetric convention. By choosing the generalized 



field e^|ab is completely symmetric, e^|afe = e(^\ab) = h/j^ab- Then, it is still possible to 
perform a gauge transformation with parameters Q;^|a6 and ^ab, provided the trace- 
less component of d[^^a]b be equal to — Q;[^|a]6- The traceless component of d[^^a]b is 
nothing but the variable T^aip in the BRST conventions. Furthermore, in the 1.5 
formalism where the connection is still present in the action, but viewed as a func- 
tion of e^iajaj, consistency with the "symmetric gauge" e^i^b = e(^|„6) = h^ab implies 
that the traceless component of the second derivative d[a^b][c,p.] be entirely determined 
by T,n^b\ac- The traceless component of d[a^b][c,ii] is the variable Ua/3\-yfj, in the BRST 

language. The relations T^alfs * ^ ct^tlafe and Uapi^yn < ^ '^fi\b\ac are now manifest 

(note that we work in the manifestly antisymmetric convention, as opposed to the 
choice made in [9]). The variables {C^i/, T^a|/3) ^a/3|7/i} ^ -^^(7) iii the ghost sector 
are in one-to-one correspondence with the gauge parameters {^^u, Cifj,\ab, ^ij.\b\ac} of the 
first-order formalism [9]. 



6.4 Invariant Poincare lemma and property of H{^\d) 

We shall need several standard results on the cohomology of d in the space of invariant 
polynomials. 

Proposition 2. In form degree less than n and in antifield number strictly greater 
than 0, the cohomology of d is trivial in the space of invariant polynomials. That is 
to say, if a is an invariant polynomial, the equation da = with antifield{a) > 
implies a — d(5 where j3 is also an invariant polynomial. 

The latter property is called Invariant Poincare Lemma:, it is rather generic for gauge 
theories (see e.g. [71] for a proof), as well as the following: 
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Proposition 3. If a has strictly positive antifield number, then the equation ja+db — 

is equivalent, up to trivial redefinitions, to 7a = 0. More precisely, one can always 
add d-exact terms to a and get a cocycle a' :— a + dc of j, such that ja' = 0. 

Proof: Along the lines of [71] , we consider the descent associated with + db — 0: 
from this equation, one infers, by using the properties 7^ = 0, 7^ + ^7 = and the 
triviality of the cohomology of d, that 76 + dc = for some c. Going on in the same 
way, we build a "descent" 

-fa + db = 
-fb + dc = 
7c + de = , 

: (6.4.16) 

7m + dn — , 
^yn — . 

in which each successive equation has one less unit of form-degree. The descent ends 
with — either because n is a zero-form, or because one stops earlier with a 
7-closed term. Now, because n is 7-closed, one has, up to trivial, irrelevant terms, 
n — ajuj^ . Inserting this into the previous equation in the descent yields 

d{aj)oj-^ ± ajdcV^ + 7m = 0. (6.4.17) 

In order to analyse this equation, we introduce a new differential. 

Definition (differential D): The action of the differential D on /i^^,^, h*/'''', C*^'^ 
and all their derivatives is the same as the action of the total derivative d, but its 
action on the ghosts is given by : 

^"^ilal/S = dx^ ^m\pP ' 

D{dp,...p,Cp = if i > 2. (6.4.18) 



The above definitions follow from 



la 4 „ 



dpUf,a\i^p = ^'y{dif,ha]p[/3,u]) ■ (6.4.19) 



6.5 Cohomology of S modulo d: Hi}{S\ d) 
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The operator D thus coincides with d up to 7-exact terms. 

It follows from the definitions that Duo^ = juj^ for some constant matrix A"^ i 
that involves dx^ only. One can rewrite Eq.(6.4.17) as 

d{aj)uj-^ ± ajDuj-^ +-fm' = (6.4.20) 

V ' 

= {daj ± ajA^ j)ujJ 

which implies, 

d{aj)u;'^ ± ajDuj'^ = (6.4.21) 

since a term of the form (3 juj'^ (with (5j invariant) is 7-exact if and only if it is zero. 
It is also convenient to introduce a new grading. 

Definition (D-degree): The number of T„^|j,'s plus twice the number of Ua^ipu^s 
is called the D-degree. It is bounded because there is a finite number of Ta^\u^s and 
Uafi\l3u^s, which are anticommuting. The operator D splits as the sum of an operator 
Di that raises the D-degree by one unit, and an operator Dq that leaves it unchanged. 
Dq has the same action as d on h^i^p, h*^'^^, C*°'^ and all their derivatives, and gives 
when acting on the ghosts. Di gives when acting on all the variables but the ghosts 
on which it reproduces the action of D. 

Let us expand Eq. (6.4.17) according to the D-degree. At lowest order, we get 

daj^ = (6.4.22) 

where Jq labels the uo"^ that contain no derivative of the ghosts {Duo'^ = Diuj'^ contains 
at least one derivative). This equation implies, according to Proposition 2, that 
a jg = dPjQ where /3 is an invariant polynomial. Accordingly, one can write 

aj^u;'^° = d{/3j^u;-^°) ^ (5j^Duj'^° + 7-exact terms. (6.4.23) 

The term f3j^^Duj'^^' has D-degree equal to 1. Thus, by adding trivial terms to the 
last term n(= ajui'^) in the descent (6.4.16), we can assume that it does not contain 
any term of D-degree 0. One can then successively remove the terms of i?-degree 1, 
D-degree 2, etc, until one gets n = 0. One then repeats the argument for m and the 
previous terms in the descent (6.4.16) until one gets b — 0, i.e. , 7a = 0, as requested. 
□ 

6.5 Cohomology of S modulo d: H-^{S\d) 

In this section, we review the local Koszul-Tate cohomology groups in top form- 
degree and antifield numbers k > 2 . The group H^{5 \ d) describes the infinitely 



118 



Interactions for spin-3 fields 



many conserved currents and will not be studied here. 

Let us first recall that by the general theorem 4.6, since the free spin-3 theory has 
no reducibility, 

H'p\6\ d) = 0forp>2. (6.5.24) 

We are thus left with the computation of d) ■ The cohomology i?2 d) is given 

by the following theorem. 

Proposition 4. A complete set of representatives ofH2{S\d) is given by the antifields 
C*^'^ , up to explicitly x-dependent terms. In detail, 

5a^ + d6r' = 0, \ _ / = Ll,{x)C*/''d''x + 5b^ + db^-^ 



aqr.a^ + 5c^ + dcr' J I L%{^) = + A^^^^x^' + B^^^^^x^x'^ . 

The constant tensor A^^ is symmetric and traceless in the indices fiu, and so are the 
constant tensors A"' , and B"^ , . Moreover, the tensors A"" , and B"- , transform 



in the irreducible representations of GL{n,M.) labeled by the Young tableaux 
, meaning that 





V 


p 


a 



[1 









and 



Aa — Aa Aa _ rv 

Bl,u\pa = -S"/i|po- = -^^;/|(Tp ) B'^^lv\p)a = ^ ■ (6.5.25) 

Together with the tracelessness constraints on the constant tensors A"- , and 
^'pv\pa ' G/(n, M) irreducibility conditions written here above imply that the tensors 
A^^, '^'^'^ ^piy\pa respectively transform in the irreducible representations ofO{n— 

1, 1) labeled by the Young tableaux lA'-l^l . -^-^ and 





V 


p 


a 



The proof of Proposition 4 in the general spin-s case has been given in [124] (see 
also [81]). The spin-3 case under consideration was already written in [129]. 



6.6 Invariant cohomology of b modulo d 

We have studied above the cohomology of 5 modulo d in the space of arbitary local 
functions of the fields /i^j^p, the antifields and their derivatives. One can also 
study H'^{b\d) in the space of invariant polynomials in these variables, which involve 
^'p.vp ^^"^ derivatives only through the curvature the Fronsdal tensor F, and 
their derivatives (as well as the antifields and their derivatives). The above theorems 
remain unchanged in this space, i.e. if^''*""((5| d) = for k > 2 . This very nontrivial 
property is crucial for the computation of i7"'°(s| d) and is a consequence of 
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Theorem 6.1. Assume that the invariant polynomial (p — form-degree, k — 
antifield number) is S -trivial modulo d, 

al^S^^l_,, + d^,l-' (fc>2). (6.6.26) 

Then, one can always choose and iJ'jT^ to he invariant. 

To prove the theorem, we need the following lemma, a proof of which can be found 
e.g. in [71]. 

Lemma 6.1. If a is an invariant polynomial that is 5-exact, a = Sb, then, a is 5-exact 
in the space of invariant polynomials. That is, one can take b to be also invariant. 

The next three subsections are devoted to the proof of Theorem 6.1. As the proof 
for the space-time dimension n = 3 is slightly different, we first consider the general 
case n > 3 and afterwards the particular case n = 3. 

6.6.1 Propagation of the invariance in form degree 

We first derive a chain of equations with the same structure as Eq.(6.6.26) [119]. 
Acting with d on Eq.(6.6.26), we get da^ = —6dn^_^_-^^. Using the lemma and the fact 
that da^ is invariant, we can also write da^ — —5a^~^\ with a^^^ invariant. Substituting 
this into da^ — —Sd/jL^^^, we get 6 [a^^i — o^Atf+i] = 0. As H{S) is trivial in antifield 
number > 0, this yields 

<\ = ^l^lXl + df^Ui (6-6.27) 
which has the same structure as Eq. (6.6.26). We can then repeat the same operations, 
until we reach form-degree n, 

= Sf,l^^_^^, + d,4-l_^. (6.6.28) 

Similarly, one can go down in form-degree. Acting with 5 on Eq. (6.6.26), one gets 
5a\ — —d(5iJ,^~^). If the antifield number A; — 1 of 5a^ is greater than or equal to one 
(i.e. , A; > 1), one can rewrite, thanks to Proposition 2, Sa^ = —da^Zi where afl} is 
invariant. (If /c = 1 we cannot go down and the bottom of the chain is Eq. (6.6.26) 
with k = 1, namely af = + d^jF^^.) Consequently d [a^li — ^A*^~^] = and, as 
before, we deduce another equation similar to Eq. (6.6.26) : 

<-\ = Sl^V + duVv (6-6.29) 

Applying 5 on this equation the descent continues. This descent stops at form degree 
zero or antifield number one, whichever is reached first, i.e. , 

either a°_^ = ^l^l-p+i 
or ar'"^' = '5/xr'+' + d^il-\ (6.6.30) 
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Putting all these observations together we can write the entire descent as 



^k+n-p — ^f^k+n-p+1 + '^f^k+n-p 

either a^_p = 
or = ^/^r"^^' + (^/^r*^ (6-6.31) 



where all the a\j^^ are invariants. 

Let us show that when one of the /x's in the chain is invariant, we can actually 
choose all the other yu's in such a way that they share this property. In other words, 
the invariance property propagates up and down in the ladder. Let us thus assume 
that nl'^ is invariant. This //^"^ appears in two equations of the descent : 

= 5/.r' + ^/^6=i (6-6.32) 

(if we are at the bottom or at the top, occurs in only one equation, and one 
should just proceed from that one). The first equation tells us that is invariant. 

Thanks to Lemma 6.1 we can choose to be invariant. Looking at the second 
equation, wc see that d/ilZi is invariant and by virtue of Proposition 2, fi^Zi can 
be chosen to be invariant since the antificld number b is positive. These two /i's 
appear each one in two different equations of the chain, where we can apply the same 
reasoning. The invariance property propagates then to all the //'s. Consequently, it 
is enough to prove the theorem in form degree n. 

6.6.2 Top form- degree 

Two cases may be distinguished depending on whether the antifield number k is 
greater than n or not. 

In the first case, one can prove the following lemma: 

Lemma 6.2. If is of antifield number k > n, then the "ii"s in Eq.(6.6.26) can be 
taken to be invariant. 
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Proof for k > n : If A; > n, the last equation of the descent is a°_„ = We 
can, using Lemma 6.1, choose fil_^^i invariant, and so, all the //'s can be chosen to 
have the same property. □ 

It remains therefore to prove Theorem 6.1 in the case where the antifield number 
satisfies k < n. Rewriting the top equation {i.e. Eq.(6.6.26) with p — n) in dual 
notation, we have 

Uk = Sh+i + dpf^, (fc>2). (6.6.33) 

We will work by induction on the antifield number, showing that if the property 
expressed in Theorem 6.1 is true for A; + 1 (with A; > 1), then it is true for k. As we 
already know that it is true in the case k > n, the theorem will be proved. 

Inductive proof for k < n : The proof follows the lines of [119] and decomposes 
into three parts. First, all Euler-Lagrange derivatives of Eq. (6.6.33) are computed. 
Second, the Euler-Lagrange (E.L.) derivative of an invariant quantity is also invariant. 
This property is used to express the E.L. derivatives of in terms of invariants only. 
Third, the homotopy formula is used to reconstruct from his E.L. derivatives. 

(i) Let us take the E.L. derivatives of Eq. (6.6.33). Since the E.L. derivatives with 
respect to the C* commute with 6, we get first : 



S^ttk 



6Zf_, (6.6.34) 



with ^^fi = For the E.L. derivatives of 6^+1 with respect to /i*^^ we obtain, 

after a direct computation, 

= -^Xf'' + 3a('^Z,T\. (6.6.35) 

where X'i^'^ = ^jr^- Finally, let us compute the E.L. derivatives of a/j with respect 
to the fields. We get : 



^ - ^n+T + Q''''^''^' XcHk (6.6.36) 



where Yj^^^^ = ^^^''^^ and Qf^'^p\"f^"/{d) is the second-order self-adjoint differential oper- 
ator appearing in the equations of motion (6.1.3): 

The hermiticity of G imphes ^'^'^^I^/^t = g^l3i\t^^p. 
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(ii) The E.L. derivatives of an invariant object are invariant. Thus, is invari- 

a/3 

ant. Therefore, by Lemma 6.1 and Eq. (6.6.34), we have also 

1^ = SZt', (6.6.37) 

for some invariant Z'^^f^. Indeed, let us write the decomposition Z^f ^ = ^T-i + -^fc-i' 
where Z^^^ is obtained from Z^^^ by setting to zero all the terms that belong only to 
if (7). The latter operation clearly commutes with taking the d of something, so that 
Eq. (6.6.34) gives = SZ'^^-^ which, by the acyclicity of 6, yields Z'^^-^ = ^a'^^ where 
a'^^ can be chosen to be traceless. Substituting 5a'^^ + Z'^f^ for Z'^^-^ in Eq. (6.6.34) 
gives Eq.(6.6.37). 

Similarly, one easily verifies that 

= -5X'^^'"' + 3a('^z;?; , (6.6.38) 

where Xj^'^'' = X';^"" + W^i'al''^ + (^p^^^. Finally, using <9("(T^T)fe = due to 

the gauge invariance of the equations of motion {(Tap has been taken traceless), we 
find 

^ = 51^7/ + g'^'^Pap.X'f-' (6.6.39) 

for the invariants x'^^'^ and Y^'^^^. Before ending the argument by making use of the 
homotopy formula, it is necessary to know more about the invariant Ylf^f. 

Since is invariant, it depends on the fields only through the curvature K, the 
Fronsdal tensor and their derivatives. (We remind the reader of our convention of 
Section 6.3 to substitute 29[-yFp]^i, for r]°'^Kaij,\f3u\-yp everywhere.) We then express the 
Fronsdal tensor in terms of the Einstein tensor (6.1.4): F^^p = G^^^p — ^rj^p^Gp), so 
that we can write = Ofe ([$*'], [K], [G]) , where [G] denotes the Einstein tensor and 
its derivatives. We can thus write 



^ = g'""'ap,A'f^ + dadf.d.M'l^^^"^-'' (6.6.40) 

on nun 



where 



and 



^ 5ak 

^ ^Ga/3j 



k /sTC 

"-'^a/i|/3i/|7p 
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are both invariant and respectively have the same symmetry properties as the "Ein- 
stein" and "Ricmann" tensors. 

Combining Eq. (6.6.39) with Eq. (6.6.40) gives 

SYll^" - a^a^a^M'^'^l^'-l^'' + g^-'^ap^B'f' (6.6.41) 

with B'f^ := A'f^ - X'f^. Now, only the first term on the right-hand side of 
Eq.(6.6.41) is divergence- free, df^{daf3'iM'^^^^^^'^^) = 0, not the second one which in- 
stead obeys a relation analogous to the Noether identities (6.1.6).^ As a result, we 

have 5^d^{Y'^l\ - ^r^-^F'^+j] = 0, where = nupY'tZ. By Lemma 6.1, we 

deduce 

d.iYT:. - \'"'y'Ui) + ^F'Z2 = , (6.6.42) 

where F"^^2 is invariant and can be chosen symmetric and traceless. Eq. (6.6.42) 
determines a cocycle of HJ!~l(d\5), for given u and p. Using the general isomorphisms 
H^;l{d\5) - H]:^,{S\d) - (/c > 1) [117] gives 

YZ'i - -V-'Y't+i = daT^^i""' + 6Pi:i', , (6.6.43) 

where both T^!^^^^ and Pj^^2 invariant by the induction hypothesis. Moreover, 

'^k+i^ is antisymmetric in its first two indices. The tensors and -P^^2 both 

symmetric-traceless in (i^, p). This results easily from taking the trace of Eq. (6.6.43) 
with r)i,p and using the general isomorphisms H^^^{d\S) = H]^~2{S\d) = H]^^^{S\d) = 
[117] which hold since k is positive. From Eq. (6.6.43) we obtain 

Y'tZ = s.TC^ + r^^^^t] + ^[^^2 + r^^'^''n'+2] , (6-6.44) 

f t J- 1 1 J- 

where T^\^^^ = riypT"^^^^ and P^_^2 = ■ Since y^'+i^ is symmetric in and u, we 

have also d^T^lf^' + -1_t^^[m^Hp] + s[pjp^f + _i_^P[-pA|^] = o. The triviality of 

H-^2id\S) {k > 0) implies again that (Pf+t+^^^^t^^^l) and {T^lf^'+^XiiV^h 
are trivial, in particular, 

Tklf^' + :^t;:!^iv'^'' = a^j^f^i"^!^ + 5g^f/ (6.6.45) 



^This is were the computation for spin 3 starts to diverge from the computation for fower spins. 

In the latter case, the second term on the right-hand side of Eq. (6.6.41) is also divergenceless. For 
spins higher than two, only the traceless part of its divergence vanishes, which complicates the 
subsequent calculations. 
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where S^^^^'^^'^ is antisymmetric in ((3, a) and (//, u). Moreover, it is traceless in u, p 
as the left hand side of the above equation shows. The induction assumption allows 
?f:l-^l'' and QZ7 



us to choose S'f"',^'^''' and invariant. We now project both sides of Eq. (6.6.45) on 



the symmetries of the Weyl tensor. For example, denoting by W^}^^^"''' the projection 
K'^'yAii''^'^'' °f have 

As a consequence of the symmetries of T^^^^^, the projection of Eq. (6.6.45) on the 
symmetries of the Weyl tensor gives 

= ^^l^fl^l"^ + 5{...) (6.6.46) 

where we do not write the (invariant) (5-exact terms explicitly because they play 
no role in what follows. Eq. (6.6.46) determines, for given (/i, z/, a,p), a cocyclc of 
Hl-l{d\5,H{^)). Using again the isomorphisms [117] H'^:^l{d\5) = Hk^iW) = 
(A; > 1) and the induction hypothesis, we find 

^/%.|ap _ I"" + 6{...) (6.6.47) 

where (fl^'^'^^"'^ is invariant, antisymmetric in (7,/?) and possesses the symmetries of 
the Weyl tensor in its last four indices. The 5-exact term is invariant as well. Then, 
projecting the invariant tensor 4 on the symmetries of the curvature tensor 

j^iPlHap calling the resuh ^^^Ij^^l"^ which is of course invariant, we find after 
some rather lengthy algebra (which takes no time using Ricci [130]) 

y'tZ - dadpd.^tT^'"' + g^^'ap.X-^^+i + S{. . .) , (6.6.48) 

with 

^apj\k+l ■= ;^;3^^a^7( ^ ^'^ a\,,T\p k+l + ~^<^^ ['^'^i^l'^'^lp fc+1 + ^ pf k+l^) (6-6.49) 

where y^p^ — y{apj) Projects on completely symmetric rank- 3 tensors, 
(ill) We can now complete the argument. The homotopy formula 



Ofe = / dt 
Jo 



ou^^ on^^p on^yp 



{th , th* , tC*) (6.6.50) 



enables one to reconstruct from its E.L. derivatives. Inserting the expressions 
(6.6.37)-(6.6.39) for these E.L. derivatives, we get 

au^5[j\t \Cl^Z'^^, + hl^^X'r + Vp^TiI (^) ) + Qp^'- (6-6-51) 
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The first two terms in the argument of 5 are manifestly invariant. To prove that the 
third term can be assumed to be invariant in Eq.(6.6.51) without loss of generality, 
we use Eq. (6.6.48) to find that 

where we integrated by part thrice to get the first term of the r.h.s. while the her- 
miticity of Q^^'^f'\"f^'^ was used to obtain the second term. 

We are left with = Sfik+i + dpuj^ , where fik+i is invariant. That can now 
be chosen invariant is straightforward. Acting with 7 on the last equation yields 
^pil^k) — 0- By the Poincare lemma, = ^^(t].'"^') . Furthermore, Proposition 
3 on H{'y\d) for positive antifield number k implies that one can redefine by the 
addition of trivial rf-cxact terms such that one can assume 7//^ = . As the pureghost 
number of vanishes, the last equation implies that i'^ is an invariant polynomial. 

This ends the proof for n > 3. □ 



6.6.3 Special case n = 3 

Let us point out the place where the proof of Theorem 6.1 must be adapted to 
n — 3 [76]. It is when one makes use of the projector on the symmetries of the Weyl 
tensor. Above, the equations (6.6.44) and (6.6.45) are used to obtain (6.6.48) and 
(6.6.49). During this procedure, one had to project dpS^^^^^^'' on the symmetries of 
the Weyl tensor. In dimension 3, this gives zero identically. 



If we denote by l^f l^,"'"^ the projection W^^Z'p'Sk+l''''^'^'' of ^f^^'" on the sym- 



metries of the Weyl tensor, we have of course Wj^l^P"" = 0. Then, obviously 



Substituting for Wj^}^^^^^ its expression in terms of S'^^^''"^''' and using Eqs. (6.6.44) and 

(6.6.45) we find = Y^^^^ - G''^''a(3jX'^^^ k+i + 5(- • •) , where X'^^^'k+i is still given by 
Eq. (6.6.49). The result (6.6.48) is thus recovered except for the first ^P-term. This is 
linked to the fact that, in n = 3, an invariant polynomial depends on the field hf^^p 
only through the Fronsdal tensor F^"'P, see Eq.(6.1.8). The Eqs.(6.6.40) and (6.6.41) 
are changed accordingly. The proof then proceeds as in the general case n > 3, where 
one sets ^' to zero. □ 



6.7 Parity-invariant self-interactions 

As explained in Section 4.3, nontrivial consistent interactions are in one-to-one cor- 
respondance with elements of i?"'°(s|d), i.e. solutions a of the equation 

sa + db^O, (6.7.52) 
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with form-degree n and ghost number zero, modulo the equivalence relation 

a ~ a + + (ig . 

Moreover, one can quite generally expand a according to the antifield number, as 

a = Oo + Oi + 02 + ■ ■ ■ ctfe , (6.7.53) 

where a, has antifield number i. The expansion stops at some finite value of the 
antifield number by locality, as was proved in [119]. Let us recall (see also Section 
4.2.4) the meaning of the various components of a in this expansion. The antifield- 
independent piece Oq is the deformation of the Lagrangian; ai, which is linear in 
the antifields h*^^^, contains the information about the deformation of the gauge 
symmetries, given by the coefficients of h*^^''] 02 contains the information about 
the deformation of the gauge algebra (the term C*CC gives the deformation of the 
structure functions appearing in the commutator of two gauge transformations, while 
the term h*h*CC gives the on-shell closure terms); and the {k > 2) give the 
informations about the deformation of the higher-order structure functions and the 
reducibility conditions. 

Using the cohomological theorems of the previous sections and the reasoning of 
Section 4.3.1, one can remove all components of a with antifield number greater than 
2. Indeed, the properties required to use the analysis of Section 4.3.1 are satisfied: (i) 
is just Eq.(6.2.10), (ii) is Proposition 3, and (iii) is true since there are only a finite 
number of ghosts in H{'y) at given pureghost number (see Proposition 1). Then the 
key point in the analysis is that the invariant characteristic cohomology H^'^"'^ {S\d) 
controls the obstructions to the removal of the term from a and that all H^'^"'^ {6\d) 
vanish for A; > 2 by 6.5.24 and Theorem 6.1. This proves the first part of the following 
theorem: 

Theorem 6.2. Let a be a local topform that is a nontrivial solution of the equation 
(6.7.52). Without loss of generality, one can assume that the decomposition (6.7.53) 
stops at antifield number two, i.e. 

a = Go + ai + a2 ■ (6.7.54) 

// the last term 02 is parity and Poincare-invariant, then it can always be written 
as the sum of 

3 

«2 = f"'bcCT''{'^^\(3'^ua\l3 ~ '^'^^\(3'^uf3\a + 2 ^^"''^^^Wp) (6.7.55) 

and 

4 = 9\c CTUUpy^U^px , (6.7.56) 

where /"^c o'^t^ 9°'hc O'f^ some arbitrary constant tensors that are antisymmetric under 
the exchange of b and c. Furthermore a\ vanishes when n = 3, 4 . 
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This most general parity and Poincare invariant expression for 02 is computed in 
Section 6.7.1. 

Let us note that the two components of 02 do not contain the same number of 
derivatives: a| and contain respectively two and four derivatives. This implies that 
a| and a| lead to Lagrangian vertices with resp. three and five derivatives. The first 
kind of deformation (three derivatives) was studied in [50] , however the case with five 
derivatives has never explicitly been considered before in flat space-time analyses. 

Another consequence of the different number of derivatives in and is that the 
descents associated with both terms can be studied separately. Indeed, the operators 
appearing in the descent equations to be solved by a2, Oi and Oq (see Eqs.(6.7.57)- 
(6.7.59) in the next subsection) are all homogeneous with respect to the number of 
derivatives, which means that one can split a into eigenfunctions of the operator 
counting the number of derivatives and solve the equations separately for each of 
them. After the proof of Theorem 6.2 in Section 6.7.1, when we conpute the gauge 
transformations and the vertices associated with the deformations of the algebra, we 
thus split the analysis: the descent starting from a| is analysed in Section 6.7.2, while 
the descent associated with a\ is treated in Section 6.7.3. 

6.7.1 Most general term in antifield number two 

As has been shown in Section 4.3.1, similarly to the finiteness of the decomposition of 
a, Eq.(6.7.53), one can assume that the antifield number decomposition of h is finite. 

Furthermore, since a stops at antifield number 2, without loss of generality one has 
h = ho + hi . Inserting the expansions of a and h into Eq. (6.7.52) and decomposing s 
as s = 5 + 7 yields 



The general solution of Eq.(6.7.59) is given by Proposition 1. The latter implies that, 
modulo trivial terms, 02 has the form 02 = aju^ where aj is an invariant polynomial, 
depending thus on the field 0, the antifields and all their derivatives, while the {uj^} 
provide a basis of the polynomials in C^i„,T^i„p,U^iup„ (sec Section 6.3). Let us stress 
that, as a2 has ghost number zero and antifield number two, must have ghost 
number two. 

The further constraints on a2 follow from the results obtained in Sections 6.4-6.6, 
applied to the equation (6.7.58). 

Acting with 7 on Eq. (6.7.58) and using the triviality of rf, one gets that hi should 
also be an element of Hi^j), i.e., modulo trivial terms, hi = Piw^ , where the /?/ are 
invariant polynomials. 



700 + Sai + dho = , 

701 + 5a2 + dhi^Q , 

702 = . 



(6.7.57) 
(6.7.58) 
(6.7.59) 
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Let us further expand 02 and bi according to the D-degree defined in the proof of 
Proposition 3 in Section 6.4. The D-degree is related to the differential D and counts 
the number of T's plus twice the number of t/'s. One has 

MM MM 

where b\ and have D-degree i and M is the maximal D-degree in pureghost 
number two. Since the action of the differential D is the same as the action of the 
exterior derivative d modulo 7-exact terms, the equation (6.7.58) reads 

i i 

or equivalently, remembering that Du^' — A^/.^^lj^^+^ , 

i i i 

where the ± sign is fixed by the parity of /S/. . This implies 

5[ai,] + d[Pi,] ± Pi,_,Ai-^ = (6.7.60) 

for each D-degree i, as the elements of the set {0;^} are linearly independent nontrivial 
elements of H{'y). 

We now analyse this equation for each D-degree. 

D-degree decomposition: 



• degree zero : In D-degrcc 0, the equation reads 5[«/o] + dlPi^] = 0, which 
implies that aj^ belongs to H2{S\d). In antifield number 2, this group has 
nontrivial elements given by Proposition 4, which are proportional to C*^^ . 
The requirement of translation-invariance restricts the coefficient of C*'^^ to be 
constant. Indeed, it can be shown [116] that if the Lagrangian deformation 
is invariant under translations, then so are the other components of a. On the 
other hand, in D-degree and ghost number 2, we have = C^pC^^. To 
get a parity and Lorentz-invariant 0°, u!^° must be completed by multiplication 
with C^'^" and some parity-invariant and covariantly constant tensor, i.e. a 
product of ?7^;y's. The only 0° that can be thus built is 0° = C*'^'^C'^pC^^ f^^d'^x, 
where /^^ is some constant tensor that parametrizes the deformation. From this 
expression, one computes that 6? = Pi^tu^'' = -3 {h*J"''' - ^v'"'hT)C^npCu''fbc * 
(dxa) , where *{dxa) = -n^VatJ,i...tMn-idx^^ ■ ■■dx^'"-K 
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• degree one : We now analyse Eq. (6.7.60) in D-degree 1, which reads 

6[ai,]+d[(5j,]+(5i,A[l = Q. (6.7.61) 

The last term can be read off (5i^A\y^^ oc (/i*'^'^" - ^r)^"'hl'')f^^d''x fj^^^^^^C^p , 
and should be 5-exact modulo d for a solution of Eq. (6.7.61) to exist. However, 
the coefficient of T^^^^^p^C^P is not 5-exact modulo d. This is easily seen in the 
space of ^-independent functions, as both 5 and d bring in one derivative while 
the coefficient contains none. As is allowed to depend explicitely on x'^, the 
argument is actually slightly more complicated: one must expand according 
to the number of derivatives of the fields in order to reach the conclusion. The 
detailed argument can be found in the proof of Theorem 7.3 in [121]. As 
is not 5-exact modulo rf, it must vanish if Eq. (6.7.61) is to be satisfied. This 
implies that /^^ vanishes, so that 05 = and 6^ = . One thus gets that 
ai^ is an element of H2{5\d). However, there is no way to complete it in a 
Poincare-invariant way because the only uj^'^ is — T^y\pC'^p-, which has an 
odd number of Lorentz indices, while ai^ oc C^^'^ has an even number of them. 
Thus = = h\. 

• degree two : The equation (6.7.60) in D-degree 2 is then 5[ai^\ + d[l3i^ — 0, 
which implies that ai^ belongs to H2{6\d). One finds, most generally when 
n > 3, that 

^2 — CT''{^l,a\pTya\l3f[bc]+T^iia\l3'^^ (6.7.62) 

hi = -3 (/^r^^ - V^^/^r) 

n 

where /j^^j, (7"^,^^ and k^^ are three a priori independent constant tensors. When 
n — 2), there are linear dependences that slightly modify the analysis for this 
candidate, this case will be treated at the end of the proof. 

• degree three : Now, in the equation for a\, we have 

1 ^ ^ 1 



d^'x, 



which implies, when n > 3, that g^^^-^ = —2 /j'^^j and k^^ = | /j^^j , since the 

coefficients of Ul^a\p(i^^ "''^ ^ta\pp'^t^ "''^ ^'^^ 5-exact modulo d . We thus 
obtained the component (6.7.55) of 02, which is the expression a\ found here 



130 



Interactions for spin-3 fields 



modulo trivial terms. Provided that the above conditions are satisfied, ct/g 
must be in H2{5\d). But no Poincare-invariant a| can be built because ou^^ — 
^^ia\l3^up\aT number of Lorentz indices, so a| = 0. 

• degree four : Repeating the same arguments for one gets 

and bf = -3 {hl'^"'^ - ^v'^''K'')U^a\i3x^ua\i3\9bc * [dxp) , for some constant struc- 
ture function g^^. It is important to notice that vanishes in dimension less 
than five because of the Schouten identity 

No condition is imposed on g^^ by equations in higher D-degree because Dibf — 
0. We now obtained the component (6.7.56). 

• degree higher than four : Finally, there are no 02 for i > 4 because there is 
no ghost combination o;^' of ghost number two and D-degree higher than four. 

Summarizing, we have almost proved the second part of Theorem 6.2: it remains 
to show that the component of D-degree two, a|, in space-time dimension n = 3 
can be chosen with the same form as in the other dimensions. So let us return 
to the analysis of Eq. (6.7.60) in D-degree two when n — 3. One can again write 
the most general 0,2 as (6.7.62). However the second term is linearly dependent 
on the first one and the last one vanishes, because of Schouten identities. These 
identities are due to the fact that one cannot antisymmetrize over more indices than 
the number of space-time dimensions; they read = C^^'if^^^^f^f "''^'^'l^.^'^;^^ . . . S'^^j oc 

C*'''^(2T;„|^f;„l^-f;„I^T;^^l J , = C^r^.1^M3H • • • C] « C*'^''C'^PU,^Wfi . We 
can however also take the above form for a| in n = 3, keeping in mind that in this 
case g'^^j and k^^ are arbitrary, provided 7^ ~|/[6c] ^^^^ ^2 is nonvanishing. 
In D-degree 3, (3i^Af^^uj^^ now vanishes by Schouten identities. We can then use the 
arbitrarity of and k'^^ to impose the above conditions and have the same result 
as in higher dimensions. 

This completes the proof of Theorem 6.2. 

6.7.2 Berends— Burgers— van Dam's deformation 

In this section, wc consider the deformation related to 03 given by (6.7.55). As 
explained above, 02 = a| must now be completed into a solution a oi sa + db = 
by adding terms with lower antifield number. The complete solution a provides then 
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the first-order deformation term Wi — J a of an interacting theory. The next step is 
to check that higher-order terms W3, etc. can be built to get the full interacting 
theory. 

In the case considered here, we show that a first-order interaction term Wi can be 
constructed; however, there is an obstruction to the existence of which prevents 
its completion into a consistent interacting theory. 



Existence of a first-order deformation 

In this section, the descent equations (6.7.57) and (6.7.58), i.e. 700 -|- 5ai + dbo — 
and 701 -|- Sa2 + dbi = 0, are solved for ai and Cq. 

The latter of these equations admits the particular solution 



p 3 



Th 



Th 

To this particular solution, one must add the general solution d\ of 701 -|- dhi = , or 
equivalently (by Proposition 3) of 7ai = 0. In ghost number zero, antifield number 
one and with two derivatives, this solution is, modulo trivial 5-, 7- and d-exact terms, 

— U*<^ /~ih /~ic pa il I i*a /-~<b /^c fii/ j2 , v*afi/^b /^cupi3 

C^l — l^pup^a \ab)c + "^t ^v'^ ''{ab)c + ^ pup^ ''abc ' 

where /(^^^^g, ifaby ^'^'^ ^a6c some arbitrary constants. For future convenience, we 
also add to a\ + di the trivial term 761 where 

+fabchl^(2h!'^''fd^h'p - h^^'^fd^Kp^ + Sh^^d^h"^ - Ihlp^d^'h^^p^ + 6hldph''i"'p) . 
In short, up to trivial terms, the most general Oi, solution of 701 -|- 6a2 + dbi = 0, is 



1 • 



tti = + di + 76 

The next step is to find Oq such that 700 + 5ai + dbg = . A cumbersome but 
straightforward computation shows that necessary (and, as we will see, sufficient) 
conditions for a solution qq to exist are (i) /j^^j is totally antisymmetric, or more pre- 
cisely 6adfibc] = f[abc], (ii) llab)c = ^fab)c = ^ ^ud (iii) ll^c = -|/[a6c] • This Computation 
follows the lines of an argument dcvcloppcd in [71], which considers the most general 
gq and matches the coefficients of the terms with the structure Ch'h', where h' de- 
notes the trace of h. In three and four dimensions, one must take into account that 
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some of these terms are related by Schouten identities (see Appendix D. 2 for a defini- 
tion); however, this does not change the conclusions. Once the conditions (i) to (iii) 
are satisfied, one can explicitly build the solution oq, which corresponds to the spin-3 
vertex found in [50], in which the structure function fabc has been replaced by —^fabc ■ 
The explicit deformation ao of the Lagrangian will be given shortly for completeness. 
It is unique up to solutions oq of the homogeneous equation 700 + dbo — . 

Wc have thus proved by a new method that the spin-3 vertex of [50] is the only 
consistent nontrivial first-order deformation of the free spin-3 theory with at most'' 
three derivatives in the Lagrangian, modulo deformations ao of the latter that are 
gauge-invariant up to a total derivative, i.e. such that 700 -|- dbo — 0. However, as 
is known from [52], this deformation cannot be completed to all orders, as is proved 
again below. 



Explicit first-order vertex and gauge transformation 

For completeness, we provide here the explicit first-order vertex and gauge transfor- 
mation of the Berends-Burgers-van Dam cubic interaction. 
The deformation of the vertex is 



where 



+ 3 ,a/3^6.,6^e^^ ^ 3 hl^h'^^.h^^-^^'- - ^ hX,s''K, '''''' 

,l,a lb ,a,c5r]X,0"/_nia ,aibl3j,ri,c S,X 
-Tllapyl'&riX "' "J "'ad-, "'5 "'■qX 

I o ,aS,bp^r],Xi^c i R ua j^baPri, Xi^c <5,7 



The developments above prove the three-derivatives case. For less derivatives, it follows from 
above that 02 = 0, which implies that 701 = by Eq. (6.7.58); however there is no such parity and 
Poincare-invariant ai with less than two derivatives, so ai = as well. 
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where we remind that indices after a coma denote partial derivatives. 
The first-order deformation of the gauge transformations is given by 

where $^tp completely symmetric component of 



15.. 31..„..„ 9.. 



-I r Q 1 Q 11 

L& X'-'-'^'''' _l_ ?)^°"''" X'^ _|_ X'^"^^ Lb cr,T \C 

Q q q 

113 Q 

+vpu{ lih^^y^^ - <pr>^'^^ - C-'^^^r) + liht'^'^Kr + h'""':,,x:,) 

+6 (/^^''^A^,'- - h'^'^Xl^J - h!>'^Xl^; - /.^A^-^ - h%r + 2/^J./A-'^) 

+(2 + ^)(Ca^-^ + /.^^.A^-'^ - /i^-A^,,, - /.J..A;;-"' + i/^r A^,,;) 

This expression is equivalent to that of [50] modulo field redefinitions. 



Obstruction for the second-order deformation 

In the previous subsections, we have constructed a first-order deformation Wi = 
J (oo + 01 + 02) of the free functional Wq . As explained in Section 4.3, a consistent 
second-order deformation W2 must satisfy the condition (4.3.61), i.e. 

{Wi,Wi) ^ -2sW2 . (6.7.63) 

Expanding {Wi, Wi) according to the antifield number, one finds 

(Wi, Wi) = J (Fx (ao + ai + ^2) , 

where the term of antifield number two a2 comes from the antibracket of 02 with 
itself. 

If one also expands W2 according to the antifield number, one gets from Eq. (6.7.63) 
the following condition on a2 (it is easy to see that the expansion of W2 can be assumed 
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to stop at antifield number three, W2 — J d"x{co + Ci + C2 + C3) and that C3 may be 
assumed to be invariant, 7C3 = 0) 

«2 = -2(7C2 + Scs) + d^b^ . (6.7.64) 

Explicitly, 



e 

acr\f3p 



_^jjhiJ,a\vl3ij^d /j^e p\(7 _|_ ^Q-biJ.a\ul3j^d j^e a\p 

It is impossible to get an expression with three ghosts, one C* and no fields, by 
acting with S on C3, so we can assume without loss of generality that C3 vanishes, 
which implies that a2 should be 7-exact modulo total derivatives. 

However, a2 is not a mod-d 7-coboundary unless it vanishes. Indeed, suppose we 
have 

a2 = l{u) + d^k^ . 

Both u and have antifield number two and we can restrict ourselves to their 
components hnear in C* without loss of generahty (so that the gauge algebra closes 
off-shell at second order). We can also assume that u contains C* undifferentiated, 
since derivatives can be removed through integration by parts. As the Eulcr derivative 
of a divergence is zero, we can reformulate the question as to whether the following 
identity holds, 

5^a2 S^i^u) ( d^u 



\dC*?.J 



"'-"flu ^^ixv P.V 

since 7C* = and C* appears undifferentiated in u. On the other hand, is a sum 

of nontrivial elements of -^(7); it can be 7-exact only if it vanishes. Consequently, a 
necessary condition for the closure of the gauge transformations (c2 may be assumed 
to be linear in the antifields) is 0:2 = 0. 

Finally, «2 vanishes if and only if either n = 3, since U^^^^^ vanishes identically in 
this dimension because of its symmetry, or fabcf^de ~ (nilpotency of the algebra). 
The latter condition implies the vanishing of fabc (by Lemma 6.3), and thus of the 
whole deformation candidate. So, the deformation is obstructed at second order when 
n > 3. 
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Let us note th at originally, in the work [52], the obstruction to this first-order 
deformation appeared under the weaker form f^bcf^de — fadcf%e (associativity). It 
was also obtained by demanding the closure of the algebra of gauge transformations 
at second order in the deformation parameter. 

6.7.3 Five-derivative deformation 

We now consider the deformation related to 02 = a|, written in Equation (6.7.56). In 
this case, the general solution ai of 701 + 6a2 + dbi = is, modulo trivial terms, 

a, = -2 {hr" - lv'''Knd[X]p[P,MUL\px9M d'^x + a, , (6.7.65) 

where ai is an arbitrary clement of H{'~f ) . 

When the structure constant is completely antisymmetric in its indices, Sadgf^c] 
— giabc] , a Lagrangian deformation oq such that ■yao + Sai + dbo — can be computed. 
Its expression is quite long and is given later in this section. We used the symbolic 
manipulation program FORM [95] for its computation. 

This nontrivial first-order deformation of the free theory had not been found in 
the previous spin-three analyses, which is related to the assumption usually made 
that the Lagrangian deformation should contain at most three derivatives, while it 
contains five of them in this case. However, it would be very interesting to see whether 
the cubic vertex could be related to the flat space limit of the higher-spin vertices 
of the second reference of [10]. At first order in the deformation parameter, it is 
possible to take some fiat space-time limit of the {A)dSn higher-spin cubic vertices. 
An appropriate fiat limit must be taken: the dimensionless coupling constant g of the 
full higher-spin gauge theory should go to zero in a way which compensates the non- 
analyticity ~ 1/A"^ in the cosmological constant A of the cubic vertices, i.e. such that 
the ratio g/A"^ is finite. The spin-3 vertices could then be recovered in such a limit 
from the action of [131] by substituting the linearized spin-3 field strengths for the 
nonlinear ones at quadratic order and replacing the auxiliary and extra connections by 
their expressions in terms of the spin-3 gauge field obtained by solving the linearized 
torsion-like constraints, as explained in [10,61,62] (and references therein). Such a 
relation would provide a geometric meaning for the complicated expression of the 
five-derivative vertex. 

The next step is to find the second-order components of the deformation. Similarly 
to the previous case, it can easily be checked that we can assume C3 = 0. However, no 
obstruction arises from the constraint 02 = (02, 02) = —2jC2 + dmk'^- If this candidate 
for an interacting theory is obstructed, the obstructions arise at some later stage, i.e. 
beyond the (possibly on-shell) closure of the gauge transformations. 

For completeness, one should check whether jao + 5ai + dbo = admits a solution 
Qq when the structure constant gi'^^^ = g^'^rj, 1 is not completely antisymmetric but has 
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the "hook" symmetry property S^^^g^bc] — 0. However, the computations involved are 
very cumbersome and we were not able to reach any conclusion about the existence 
of such an oq. 

We now give the deformation related to the element with completely antisym- 
metric structure constants. It satisfies the equation 709 + Sai + dbo = for ai defined 



by Eq.(6. 7.65), in which ai =0. The deformation is J ao = g^'^'^"^ Tabc ; Tabdhfi^p] — 
\ I^abcd"'x , where 



+ff darh^dpuph^^''' — I dfjd" h^dpuphcx ~ dpyhbpdcrrd" hJ^. 

— ^ dphi^J^'^dpa^rXhc + f dphbuardpXrid"^ K^^ ~ f dphbuardpxd^^ K 
~l~4 dphbuardpX'qd '/l^, ^2 

dphbudpXarh^'^'^ — 2 dphbudpXaO'^ 

~11 '^xhb"J dvparh^ — \ dxr^hbpardupd^ h^^" + f d\d^hl^^dyprh" 

+1 drjxhpd.pd^K^ - if d^d^hbpd.pxK'^ + ^ a^A/i^.^'^^r./ic/^ 

+ f dp^hbuard'^^^^ hcpXrf + | dphbyard^'^^dxhcp + | dphbuard'^^ dxrjh^p^ 
-dphb^^rd'-^'dxriKp"^ + dphbudxd^'^^hcpar + I d'' hpard^^" d^h.pXrj 

— I d'^ hbpard^^duXhcp + 5 d^^hf^p^ duaTrjh^pX ~ f d^^bp^ '^varXhcp 

+a^V-a^A,,9''V^- ia'^^V-^r^a^'^/jc.pA- |5'^V-9^9^''^/ic.pA 
"l~4 ^ hbpardr^d ^hf^^pX ~\~ 2 (^X^bpard ^hf^upj^ -g d hbpdfjrd h^i/pX 
+ hbpXrjdard ^^up 2 ^crr^i^Ar/^ ^ci/p ~l~ 3 (^p^bupX^ ^hcarr] 
dphbupxd^''^d„h,r - ^ a^hfe^pA^'^^a./l^,^ + i a^/l6.pA5""9.r/ic 

+^ 9^/i6M-Aa^ap,./ir" - \ d,,hbpuxd''''dp^hl - d^hbp.xd^'^dp.^hl 

-| d'^drihbpuxdparK^"^ + i S'^^/lfo^.A^p^r /i^ + 3 /ifo^. A 5.;.r 9" 

_ 1 /f)'^ h r) rf^ h — ^ rfl h f) r)-^""'' h — fl h fiVXcrr i 

4*^ ' I'bpvX'-'aT^ i^cp 2 '''hpuX^a'J "^cprjT ^ '^rj' ^bpuX'-' "'cpar 

+ 1 drfhbpuxd^^" dahcp + \ dj^hbpi,xd"^ darhcp^ + \ dr^hbp.vxd^''^ dcjhcpr 

— \ drihbpupdxard^h^'^^ — | dr^kbpup^Xa^^'' h'^ — \ dr,hbpi,pd'^^dxahc 

— fi duuhbxd'^'^^ hcpar + t| dnvhbxd^" dahcp — \ dp,i,hbxd^ dcr-qhcp^ 



^a,c = hr ( 




^'-'pu'^b '-'pri'-' "'cXcTT 2 1^'^ b^pXcr'''c 

f dph^"^ di,pXr^hPcaT + I dph^'^'^di.prfd'^h, 




6.7 Pctrity-invctriant self-interactions 



137 



+ ^ d^h^'^^ duXcFrhcp + \ dfjtxh^dncrd'^ hep — f| dnh^dnXarhcp^ 
~X ^IJ.9^h^9^Xahcp + I dfj^h^duad'^^hcpXr — ^ dp.h^'^^ d^Xj^d^ hcpar 
~\ d\h^'^^ dfj^varhcp — I d^'^ hbxdnvd'^ hcpar + X d^'^^hxdp.vahcp 
— -jI d'^^h^dfj^nxhcpar + xl d'^ dcrh^dp^nxhcp — ^ d'^^h^df^uahcpXr 
+ ^ d"^ dah^dfj^urhlpx + I drjxh^'^^ df^uahcpr + f ^V^b'^^ (^p-vcrrh^cpX 

~X ^IJ.^bxd^'^^ 9crhci/pri + 5 d^h^d'^^ dcrrhcvpX ~ § dp.d^h'^'^^ dj^arhcvpX 

4" 9^ dr^arhcvpX "I" g ^A^6 dp.aT9^hcvprq 2 ^^^b ^ixXarhcvpr] 

-5d^^hxd^r^^K,p - \ dP'^hldp^^xK.pa - \ d'^drjh^d^x&'hc.pa 

- \ d^dah^dp^nd'^hcupx + d'^^h^dp^arhcupX — ^ d^h^'^^ d^r-qhcupX 

"I" 4 d^qhfj djxcTThcvpX 4 ^xhf) d(jfqd^ hcfxv p "I" 2 ^^^b ^XcT'qhcp.vp 
~g dxh^dcn-d"^ hcpvp ^ I d'^^ h^dxarhcpup"^ 

+1 d^xh^'^^'d'^^daKupr - I dfj^hl^^dxad^^hcupr + d^h^^'^d''^ darKxup 

+h dphxa^^f^h^.p^ - \ d^h^dxupd'K + TE dphld^p'^d.h.xup 

+ \ d^h^df^dp^Kx - dxhlP'^dpp^rK + \ drh^r^pXpaK 

,23 Q i^Ai/po . '^'T _ 3 a i^Xup r, r,a , _ 5 qA Tipper ,r 
16 b '^piytTT'i'cp 4 "^A"-^ "^/ij^cr"^ "-cp g "-fe '-'pvpT'i'cXu 

+ fdxh^,'''d^^d''^hcupr + 9''/l^'^^5^A.5'^/ic,.p - ea'^/lf "a^^Aa/ic.p 

- S^/if ^a^,,,a'^/leA.p - i d^'^hxd^.phP - i a,/l^9^Apa/ic'" 

- d'^ph^dp.pKx - ^ dxhl'^pd.p.rK^- + \ dxhl'^pd^p^d'^hcp 

+1 9<x/i^^9A.pr/icr - d'^hl'^dxup.h,^ + ^ dxh^d^p^d'^h,;'' 

+ 1 dxh^d.pd^'Ph,^ - I S./l^aAp.S'^/l,/^ + I d^h^OxupaKf" 

-i 9'^/ife^9'"^9p,/icp.A + I d'^h^d'^-d.pK^Xa - I dxh^.'^d^-d.^hcf^pr 

+ i d^h^.^'^d'^^dxrhc^pa + i 9'^/i6^.p5''^""/lcA 

+^ 5^ V^p^'^^'^a^/ieA - f 9,/ib^p^a'^'"^^/ieA + f d^'^h^p^pd^'^d^hp^^^ 
+i 5'^^/15^,,9'^^aA/i?,,, + 1 d^h,^,pd^--dxK,, - 1 a'^/i5^,^a,,a'^^/i? 

+ ^ dxhbpupdard^'^h^P" + I aA/lb^.p5^^a,,/ir^ + i (?A/i6^.p5^^'^5,/l? 
+ i SA/lb/.^p^ar^'^^/l^^ - i aA/lb^.pa..5^"/l^'"^ + i ^A/ife^S.p^^'^/lf " 
+ \ d^hpdxupaK"" + I dxhpd,pd''Ph^ - I d^^hbpdxupd^hP) . 
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6.8 Parity-breaking self-interactions 

In this section, we first compute all possible parity-breaking and Poincare-invariant 
first-order deformations of the Abelian spin-3 gauge algebra. We find that such de- 
formations exist in three and five dimensions. We then proceed separately for n = 3 
and n — 5. We analyse the corresponding first-order deformations of the quadratic 
Lagrangian and find that they both exist. Then, consistency conditions at second 
order are obtained which make the n = 3 deformation trivial and which constrain the 
n = 5 deformation to involve only one single gauge field. 

6.8.1 Most general term in antifield number two 

The first part of Theorem 6.2 is stil true for parity-breaking deformations, as the 
property of parity- invariance is not needed to prove it. If one allows for parity- 
breaking interactions, the second part must be completed by the following statement: 

Theorem 6.3. Let a = ao + ai + a2 be a local topform that is a nontrivial solution of 
the equation sa+db — . If the last term 02 is parity-breaking and Poincare invariant, 
then it is trivial except in three and five dimensions. In those cases, modulo trivial 
terms, it can be written respectively 

«2 = rMr'''c:'^^c'^d[.c;^^^d'x (e.s.ee) 

and 

a, = g'^^^f^-^^'^^C:\d^^Cl;fd^[,C^,^^d'x . (6.8.67) 

The structure constants /"^^^j define an internal, anticommutative algebra A while the 
structure constants g"'{pc) define an internal, commutative algebra B . 

Proof : The proof differs from the corresponding proof in the parity-invariant case 
by new terms arising in the D-degree decomposition of 0,2. Wc refer to Section 6.7 
for the beginning of the proof and turn immediately to the resolution of Eq. (6.7.60), 
i.e. 

5a^ + d(5i, ± (5i,_,aI-' = (6.8.68) 

for each D-degree i. The results depend on the dimension, so we split the analysis 
into the cases n = 3, n = 4, n = 5 and n > 5. 

D-degree decomposition: 



Dimension 3 
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• degree zero : In D-degree 0, the equation (6.8.68) reads Saj^ + d(3i^ — 0, 
which imphes that a/^ belongs to H2{5\d). In antifield number 2, this group 
has nontrivial elements given by Proposition 4, which are proportional to C^^^ 
. The requirement of translation-invariance restricts the coefficient of C*^*^ to 
be constant. On the other hand, in D-degree and ghost number 2, we have 

— C^pC^^. To get a parity-breaking but Lorentz- invariant 0°, a scalar 
quantity must be build by contracting 00^°, C*'^", the tensor e'^'^'' and a product 
of T^^jy's. This cannot be done because there is an odd number of indices, so 0° 
vanishes: 03 = 0. One can then also choose = 0. 

• degree one : We now analyse Eq.(6.8.68) in D-degree 1. It reads 5a/j +dPi-^ = 
and implies that a/^ is an element of H2{S\d). Therefore the only parity- 
breaking and Poincare-invariant that can be built is 

al = f%^e''''PC*'''^C^^^T;;p^^d^x . Indeed, it should have the structure eC*Cf 
(or sC*CT, up to trivial terms), contracted with ?7's. In an equivalent way, it 
must have the structure C*CT , contracted with 77's, where the variable T has 
been introduced in Eq.(6.3.14). Due to the symmetry properties (6.3.15) of T 
which are the same as the symmetries of C^^ and C*'*'', there is only one way of 

contracting T , C and C* together: f%fiT''Clpf^p . No Schouten identity (see 
Appendix D.2) can come into play because of the number and the symmetry 
of the fields composing f%(Pl^'^C^^''T^p . The latter term is proportional to 
a\ = f\c^'^^'^'^a"^'^an'^up\i3d'^^ ) trivial terms. One can now easily compute 
that h\ = -Sn^e^'^PihT^' - \v''^hf)Clfi:p\p\exardx'^dx^ . 

• degree two : The equation (6.8.68) in D-degree 2 is Sai^ + d(3i^ — Pi^Aj^^ — 0, 
with 

2 ^ ^ 

— n fa iJ,vp(r^*ap\ al3u*X\rpb rpc j3 

— ^ / (6c)^ V'^a '^a )^ XiJ,\a-^ i^p\l3 " ^■ 

The latter equality holds up to irrelevant trivial 7-exact terms. It is obtained 
by using the fact that there are only two linearly independent scalars having the 
structure eh*ff. They are e^'''Ph*''^^f^,,iafpp\j and e^"'Ph*''f^J^fpf3ia ■ To prove 
this, it is again easier to use the dual variable T instead of T. One finds that 
the linearly independent terms with the structure £h*TT are /"(bc)^^''''^*Ji^i^"^pa 
and f^^f^'^'hTy^aT^p ; they are proportional to f\,,f'''''hT^'Tl^j;p\, and 

fa ^p,vp},*arpb 13 rpc 

■I {bcf "'a -'^i/l -^pl3\a ■ 

Since the expression for (ii^A^]^ is not 5-exact modulo d , it must vanish: fabc — 
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/a[6c] ■ One then gets that aj^ belongs to H'2.{6\d). However, no such parity- 
breaking and Poincare- invariant a| can be formed in D-degree 2, so a| = = 6^ . 

• degree higher than two : Finally, there are no al^ for i > 2. Indeed, there is 
no ghost combination cu^"- of ghost number two and D-degree higher than two, 
because U identically vanishes when n — 3. 



Dimension 4 

There is no nontrivial deformation of the gauge algebra in dimension 4. 

• degree zero : The equation (6.8.68) reads Saj^ + dPi^ = 0. It implies that 

belongs to which means that ck/q is of the form k\^e^^^f"^ C^"'^ d^x 

where are some constants. It is obvious that all contractions of ai^ with two 
undifferentiated ghosts C in a Lorentz-invariant way identically vanish. One can 
thus choose 02 = and b\ = Q. 

• degree one : The equation in D-degree 1 reads 5ai^ +d(3i-^ = 0. The nontrivial 
part of ai^ has the same form as in D-degree 0. It is however impossible to 
build a nontrivial Lorentz-invariant because uj^ ~ CT has an odd number 
of indices. So 03 = and b\ = 0. 

• degree two : In D-degree 2, the equation Saj^ + dPj^ — must be studied. 
Once again, one has aj^ — k\^e'^^P'^Cl°'^d'^x. There are two sets of o^/j's : 
^l.v\a^p(T\p ^a/3^^i^\pa ■ ^ priori there are three different ways to contract the 
indices of terms with the structure sC*TT, but because of Schouten identities 
(see Appendix D.2.1) only two of them are independent, with some symmetry 
constraints on the structure functions. No Schouten identities exist for terms 
with the structure eC*CU. The general form of is thus, modulo trivial terms. 



(1) „ ^. ^ . (2) 

[be] 
(3) 



and is given by 

r (1) ^ ^ 

^1 — -J £ [V"a 4 "a ) N -^iiu\a ^ pa\f5 

(2) ^ ^ (3) _ 



21 £ ^p(j''j- dx^ dx dx • 
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• degree three : Eq. (6.8.68) now reads 6ai^ + dPi^ + Pi^A^il — , with 

S (1) ^ ^ 

o Al2. ,h — __ k°■,^^ p^.vpai^*\rpb ajjc j4 
Ph^I^^ — 2 M " Mi^l ^Aalpa" ^ 

(2) ^ ^ ^ N 

(3) ^ ^ ^ 

(2) (3) N ^ ^ 

The latter equality is obtained using Schouten identities (see Appendix D.2.2). 
It is obvious that the coefheient of — T^^^^U^i,\p„ cannot be (5-exact modulo 

(1) (2) (3) 

d unless it is zero. This implies that k"'[hc]=k"'{pc)=k'^bc= 0- So a\ is trivial and 
can be set to zero, as well as h\. One now has 5ai^ + dPi^ = 0, which has the 
usual solution for ct/g, but there is no nontrivial Lorentz-invariant a| because 
there is an odd number of indices to be contracted. 

• degree higher than three : Eq.(6.8.68) is 5aj^ + d/3j^ = 0, thus aj^ is of 
the form l\^e^^^P'^Cl°'^d^x. There are two different ways to contract the indices 
. ^,.p.cTPfjb^^^^^fjc^^ i e^^'^'^Cl^Jjl^^^^UT^^\ but both functions vanish 
because of Schouten identities (see Appendix D.2.3). Thus = and = 0. 
No candidates a\ of ghost number two exist in D-degree higher than four because 
there is no appropriate u}^\ 

Dimension 5 

• degree zero : In D-degree 0, the equation (6.8.68) reads 5aif^ + d(3i^ = , 
which means that ai^ belongs to i?|(5|(i). However, 0° cannot be build with 
such an cc/g because the latter has an odd number of indices while has an 
even one. So, a/g and can be chosen to vanish. 

• degree one : In D-degree 1, the equation becomes 5ai^ + df3i^ = 0, so ct/^ 
belongs to iJ|(5|o?). However, it is impossible to build a non- vanishing Lorentz- 
invariant al because in a product C*CT there are not enough indices that can 
be antisymmetrised to be contracted with the Levi-Civita density. So a/j and 
Pi-^ can be set to zero. 

• degree two : The equation (6.8.68) reads daj,^ + d^j^ = 0. Once again, there 
is no way to build a Lorentz-invariant al because of the odd number of indices. 
So a/j = and — 0. 
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• degree three : In D-degree 3, the equation is 5ai^+dPi^ — 0, so aj^ e H^{S\d). 
This gives rise to an 02 of the form " ge C*TU d^x" . There is only one nontrivial 
Lorentz-invariant object of this form : 

— plJ-i'pcrTf^* ifb ffca/3\ t5 

It is equal to (6.8.67) modulo a 7-exact term. One has 

• degree four : The equation (6.8.68) reads 5ai^ + d(3i^ — (3i^A\^^, with 

Rr A^^i,!^^ — —In'^ nvpaTi^*a\ jfb ffc (5 ,b 

a \(TT 

The coefficient of UU cannot be 5-exact modulo d unless it vanishes, 

which implies that = g"'(pi,y One is left with the equation 5ai^ + dPi^ = 0, 
but once again it has no Lorentz-invariant solution because of the odd number 
of indices to be contracted. So — and — 

• degree higher than four: There is again no for i > 4, for the same reasons 
as in four dimensions. 

Dimension n > 5 

No new 02 arises because it is impossible to build a non- vanishing parity-breaking 
term by contracting an element of i?2'(5|d), i.e. C*'^^ , two ghosts from the set 
^Qtxv ^ft,v\p ^ lji,u\pa^^ epsilon-tensor s'^i- '^" and metrics 77^^. 

Let us finally notice that throughout this proof we have acted as if a/'s trivial 
in H2{5\d) lead to trivial a2S. The correct statement is that trivial 02'^ correspond 
to a/'s trivial in H 2 {5\d ^ H {'-))) (see Section 4.3 for more details). However, both 
statements are equivalent in this case, since both groups are isomorphic (Theorem 
6.1). 

This ends the proof of Theorem 6.3. □ 
6.8.2 Deformation in 3 dimensions 

In the previous section, we determined that the only nontrivial first-order deformation 
of the free theory in three dimensions deforms the gauge algebra by the term (6.8.66). 
We now check that this deformation can be consistently lifted and leads to a consistent 
first-order deformation of the Lagrangian. However, we then show that obstructions 
arise at second order, i.e. that one cannot construct a corresponding consistent 
second-order deformation unless the whole deformation vanishes. 
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First-order deformation 

A consistent first-order deformation exists if one can solve Eq. (6.7.57) for oq, where 
Oi is obtained from Eq.(6.7.58). The existence of a solution oi to Eq.(6.7.58) with 
a2 = a2 is a consequence of the analysis of the previous section. Indeed, the 02 's of 
Theorem 6.3 are those that admit an ai in Eq.(6.7.58). Explicitely, ai reads, modulo 
trivial terms. 



On the contrary, a new condition has to be imposed on the structure function 
for the existence of an oq satisfying Eq. (6.7.57). Indeed a necessary condition for 
Oo to exist is that Sadf'''[bc] — /[afec], which means that the corresponding internal 
anticommutative algebra A is endowed with an invariant norm. The internal metric 
we use is 6ab, which is positive-definite. The condition is also sufficient and oq reads, 
modulo trivial terms. 



«0 = f[abc]V 



To prove these statements about aoi one writes the most general with two deriva- 
tives, that is Poincare-invariant but breaks the parity symmetry. One inserts this 
into the equation to solve, i.e. 5ai + '^aQ = dbo, and computes the 6 and 7 operations. 
One takes an Euler-Lagrange derivative of the equation with respect to the ghost, 
which removes the total derivative dbo. The equation becomes -g^-^{Sai + 700) = 0, 

which we multiply by Cap- The terms of the equation have the structure sCd^hh or 
eCd^hdh. One expresses them as linear combinations of a set of linearly independent 
quantities, which is not obvious as there are Schouten identities relating them (see 
Appendix D.2.4). One can finally solve the equation for the arbitrary coefficients in 
Oo, yielding the above results. 



144 



Interactions for spin-3 fields 



Second-order deformation 

Once the first-order deformation Wi = J{ao + ai + a2) of the free theory is determined, 
the next step is to investigate whether a corresponding second-order deformation 
W2 exists. This second-order deformation of the master equation is constrained to 
obey SW2 = —■^{Wi,Wi) , (sec Section 4.3). Expanding both sides according to the 
antighost number yields several conditions. The maximal antighost number condition 
reads 

-^(02, 02) = 7C2 + Sc3 + df2 

where we have taken W2 = J d^x (cq + ci + C2 + C3) and antigh{ci) ~ i . It is easy to 
see that the expansion of W2 can indeed be assumed to stop at antighost number 3 
and that C3 may be assumed to be invariant. 



The calculation of (02, 02), where 02 = f\cf^''^Cl'^'^ ^^.a^i^^pis > gives 



(02,02) = 2 



6^a2 6^a2 



dXr 



r 1 



1 "i /^*e<T^ /^b rpc arpdXrl 1 



/ri*ea^ /Tib arpc rpdXrl 

2 



/ry^ea^ /ryfj^rnnc rpdXT\ ^ /^^ea^rpbX rpc /^dr 



^ y~t*ea^rpbX rpc a/~idT i r-i*ea.(,rpbX rpc a/^dr 



(6.8.69) 



It is impossible to get an expression with three ghosts, one C* and no field, by 
acting with 5 on C3 . We can thus assume without loss of generality that C3 vanishes, 
which implies that (02, 02) should be 7 -exact modulo total derivatives. 

The use of the variable T^a := e^^J^^y\p instead of T^i^\p{= —\£'^f^JTap) simplifies 
the calculations. We find, after expanding the products of ^-densities, 



(02, 02) = l^Ji + dv + ncfeadC*'"' [ C'^'^TlXr + C^T^^^'^ 

2 ~ ~ ^ ^ 1 ^ ^ 

^bfiarpc rpd I ^dfl rpb rpca f^d rpbaflrpc 

We then use the only possible Schouten identity 

Q _ ^^er ^b firpcarpdcx 



(6.8.70) 



1 

24 



^*eaT ^bp,arpc rpd _j_ 2^^*eaT ^bf^arpc rpd _j_ 2^^*eaT ^b pc pda^i 



^*eaT rpc rpdjiv ^*eaT ^bjxv rpc rpd _j_ i2fj*e.crT jxrpc rpdoi 



(6.8.71) 
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in order to substitute in Eq. (6.8.70) the expression of C*""'' C^i"^T^T^^ in terms of 
the other summands appearing in Eq. (6.8.71). Consequently, the following expression 
for (02, 02)0.6. contains only linearly independent terms: 



-'C 

- fia 



fo, f /~ib ^rpc rpda _i_ 1 ^1 f /^b rpc rpdfj,a I 1 ra r /~id rpc rpb^a 



where we used that the structure constants of A obey fabc = ^adf be = f[abc]- 

Therefore, the above expression is a 7 -cobounday modulo d if and only if f%Jdea = 
0, meaning that the internal algebra A is nilpotent of order three. In turn, this 
imphes^ that — and the deformation is trivial. 

6.8.3 Deformation in 5 dimensions 

Let us perform the same analysis for the candidate in five dimensions. 



First-order deformation 

First, ai must be computed from 02 (given by (6.8.67)), using the equation 5a2 + 
7ai + dhi — : 



5a2 = -3^"(,,)£'^'^''-9A/ir^^9[,C;]^9„[,C^fd^x 



*Q;A Q /^b Q , r"^P rl^r 



X 



We recall that it is a consequence of Theorem 6.3 that g°^^^^ is symmetric in its lower 
indices, thereby defining a commutative algebra. Therefore the first term between 
square bracket vanishes because of the symmetries of the structure constants of 
the internal commutative algebra B . We finally obtain, modulo trivial terms, 

«i = \9\bc)e'''"^'hT\dwC'/ [dp^.K^^^ - 29,[./i^],J d'x. 

The element ai gives the first order deformation of the gauge transformations. By 
using the definition of the generalized de Wit-Freedman connections [8] , we get the 
following simple expression for a\: 

«i = gW^^'^'hT^diA] ^nia-^rwd'x , (6.8.72) 



^The internal metric 5ab being Euclidean, the condition f\^.faej = ^ad.f'],cf'''ef = ^ can be seen 
as expressing the vanishing of the norm of a vector in Euclidean space (fix e = b and f = c), leading 
to = 0. 
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where ^x^-rap second spin-3 connection 

3 

transforming under a gauge transformation Sxh'^^^ — 3 5(^A"^^ according to 

The expression (6.8.72) for ai imphes that the deformed gauge transformations are 

S hl^^ = 3 d.Xlf, + ^r^" r^.;pa/j d^K' , (6-8.73) 

where the right-hand side must be completely symmetrized over the indices {iJ.ctf3) . 

The cubic deformation of the free Lagrangian, ao, is obtained from ai by solving 
the top equation 5ai + 700 + dbo — 0. 

Again, we consider the most general cubic expression involving four derivatives 
and apply 7 to it, then we compute 6ai. We take the Euler-Lagrange derivative with 
respect to Cap of the sum of the two expressions, and multiply by Cap to get a sum of 
terms of the form eCd^hdh or sCd^hd'^h. These are not related by Schouten identities 
and are therefore independent; all coefficients of the obtained equation thus have to 
vanish. When solving this system of equations, we find that gate = 5ad9\c ™ust 
be completely symmetric. In other words, the corresponding internal commutative 
algebra B possesses an invariant norm. As for the algebra A of the n = 3 case, 
the positivity of energy requirement imposes a positive-definite internal metric with 
respect to which the norm is defined. 

Finally, we obtain the following solution for cq: 

Second-order deformation 

The next step is the equation at order 2 : (W^i,W^i) = —2sW2- In particular, its 
antighost 2 component reads (02, 02) = ^Cs + 7C2 + ■ The left-hand side is directly 
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computed from Eq. (6.8.67) : 



— ^^9b[c9d]ea^ '-'a '^13^ txu\p<j + 1 ^'i' + IJ.3 2 ■ 

The first term appearing in the right-hand side of the above equation is a nontriv- 
ial element of H{'-y\d) . Its vanishing imphes that the structure constants g(abc) of 
the commutative invariant-normed algebra B must obey the associativity relation 
9'^b[c9d]ea ~ ^- spin-2 deformation problem (see [71], Sections 5.4 and 

6), this means that, modulo redefinitions of the fields, there is no cross-interaction 
between different kinds of spin-3 gauge fields provided the internal metric in B is 
positive-definite — which is demanded by the positivity of energy. The cubic vertex 
ao can thus be written as a sum of independent self-interacting vertices, one for each 
field /i^j,^ , a = 1, . . . , . Without loss of generality, we may drop the internal index 
a and consider only one single self-interacting spin-3 gauge field h^„p . 



6.9 Results and discussion 

In this chapter we carefully analysed the problem of introducing consistent interac- 
tions among a countable collection of spin-3 gauge fields in flat space-time of arbitrary 
dimension n > 3 . For this purpose we used the powerful BRST cohomological de- 
formation techniques, in order to be as exhaustive as possible. Let us underline that 
most of the cohomologies that we computed for the intermediate steps are interesting 
for their one sake. For example, the cohomology of 5 modulo d provides a complete 
list of the conserved forms. 

The results proved in Sections 6.7 and 6.8 constitute strong yes-go and no-go 
theorems that generalize previous works on spin-3 self-interactions. We summarize 
them in this section, considering separately the parity-invariant and parity-breaking 
deformations. We also provide the explicit first-order gauge transformations. 

Let us first recall the results for parity- invariant deformations of the gauge algebra 
and transformations. 

Theorem 6.4. Let /i^^^^ he a collection of spin-3 gauge fields (a — 1, . . . , N) described 
by the local and quadratic action of Fronsdal. 

At first order in some smooth deformation parameter, the nontrivial consistent 
local deformations of the (Abelian) gauge algebra that are invariant under parity and 
Poincare transformations, may always be assumed to be closed off-shell and are in 
one-to-one correspondence with the structure constant tensors 



^ be — cb 
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of an anticommutative internal algebra, that may be taken as deformation parameters. 

Moreover, the most general gauge transformations deforming the gauge algebra at 
first order in C = (/, g) are equal to 

hK^, - 3 ^(^A^^) + f\, + 9\c i^';., - I + 0{C') , (6.9.74) 

up to gauge transformations that either are trivial or do not deform the gauge algebra 
at first order, where ^^/^^p and '^'jf^p are bilinear local functions of the gauge field h^^^p 
and the traceless gauge parameter A^^. The expression for $ is lengthy and has been 
given in Section 6.7.2, while 

*?.p = 77"^a[,/i^],[,,,]af,A;p- + perms , (6.9.75) 

where a coma denotes a partial derivative^ and "perms" stands for the sum of terms 
obtained via all nontrivial permutations of the indices /i ,1/ , p from the first term of 
the r.h.s. 

The structure constant tensors f^^c and g°'i)c are some arbitrary constant tensors that 
are antisymmetric in the indices be. In mass units, the coupling constant f^bc has 
dimension —n/2 and g^^ has dimension —2 — n/2. 

Both of these deformations exist in any dimension n > 5. In the cases n — 3,4, 
the structure constant tensor g^^^c vanishes. 

In the parity-breaking case, one finds the following deformations of the gauge 
algebra and transformations: 

Theorem 6.5. Let /i^^^ he a collection of spin-3 gauge fields (a — 1, . . . , N) described 

by the local and quadratic action of Fronsdal. 

At first order in some smooth deformation parameter, the nontrivial consistent 
local deformations of the (Ahelian) gauge algebra that are invariant under Poincare 
transformations but not under parity transformations, may always be assumed to be 
closed off-shell and exist only in 3 or in 5 space-time dimensions. They are in one-to- 
one correspondence with the structure constant tensors f^^c = —f^cb of an anticom- 
m,utative internal algebra in three dimensions and with the structure constant tensors 
g"'bc = 9"'cb of commutative internal algebra in five dimensions. 

Moreover, the most general gauge transformations deforming the gauge algebra at 
first order are equal to 

SxK^p = € no - I ^(M.*') + ^(^.^S) + 9\c , (6.9.76) 

^For example = 
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up to gauge transformations that either are trivial or do not deform the gauge algebra 
at first order, where ^^tp > ^'^^ ^au'p given by 

^'^.p = ^£/^^^a[«Aj],r-[^,,],,+ perms (6.9.77) 

and "perms" stands for the sum of terms obtained via all nontrivial permutations of 
the indices /i ,1/ , p of the r.h.s. 

Let us make two remarks. Firstly, without imposing any restriction on the maximal 
number of derivatives (as was implicit in most former works) we prove that the allowed 
possibilities are extremely restricted. 

Secondly, the first parity-invariant deformation of the gauge symmetries (corre- 
sponding to the coefficients fbc) corresponds to the first-order interaction of Berends- 
Burgers-van Dam [50], while the other deformations had not been explicitely found 
in previous analyses of spin-3 self-interactions (involving no other type of fields). An 
intriguing question is whether these gauge algebra deformations can be obtained from 
an appropriate flat space-time limit of the {A)dSn higher-spin algebras containing a 
finite-dimensional non-Abelian internal subalgebra (studied in details by Vasiliev and 
collaborators [132]). An indication that this might be the case is provided by the 
deformation of the gauge transformations (6.9.74) involving the tensor ^^^p- The 
presence of the term 9[^^a]i,[cr r] (6.9.75) is reminiscent of the second frame-like 
connection (see e.g. the second reference of [62]). They both involve two derivatives 
of the spin-3 fleld and have the 5f/(n)-symmetry corresponding to the Young diagram 

— ^ . More comments in that direction are given in Sections 6.3 and 6.7.3. 

An important physical question is whether or not these flrst-order gauge symmetry 
deformations possess some Lagrangian counterpart, i.e. if there exist vertices that 
are invariant under (6.9.74) and (6.9.76) at first order in the deformation parameters. 
The following theorem provides a sufficient condition for that in the parity-invariant 
case: 

Theorem 6.6. Let the constant tensor Cahc — (fabc, gabc) be completely antisymmet- 
ric, where Cahc ■= SadC'^bc ■ Then, 

• The quadratic local action (6.1.1) admits a first- order consistent deformation 

SK^p] + fabcS^"" + gabcT^''' + 0{C^) , (6.9.78) 

which is gauge invariant under the deformed gauge transformations (6.9.74) at first 
order in the deformation parameters. Furthermore, this antisymmetry condition on 
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the tensor f°-bc is necessary for the existence of the corresponding deformation of the 
action. 

• The vertices in the first- order deformations are determined uniquely by the struc- 
ture constants fabc CLnd Qabc, modulo vertices that do not deform the gauge algebra. The 
corresponding local functional -S'"^'^[/i^j,p] and are cubic in the gauge field 
and respectively contain three and five derivatives. Actually, there are no other non- 
trivial consistent vertices containing at most three derivatives that deform the gauge 
transformation at first order. 

• At second order in C , the deformation of the gauge algebra can be assumed to 
close off-shell without loss of generality, but it is obstructed if and only if fabc 7^ . 

The first-order covariant cubic deformation [/i^^,^] is the Berends-Burgers-van 
Dam vertex [50] (reviewed for completeness in Section 6.7.2) while the other cu- 
bic deformation T''"^a[/i^^^] is written in Section 6.7.3. The antisymmetry condition 
9abc = diabc] ou the structure constant of the second deformation is only sufficient for 
the existence of a consistent vertex at first order. It would be interesting to establish 
whether a constant tensor g^'^^c] with the "hook" symmetries Sd[ag'^bc] = might not 
also give rise to a consistent first-order vertex. If this first-order non-Abelian defor- 
mation turned out to exist, then there would be no other one, under the assumptions 
stated above. 

It is possible to provide a more intrinsic characterization of the conditions on the 
constant tensors. Let A be an anticommutative algebra of dimension N with a basis 
{T(j} . Its multiplication law * : J\? ^ A obeys a * b = —6 * a for any a, 6 e ^, 
which is equivalent to the fact that the structure constant tensor C^bc defined by 
Tb*Tc — C^bcTa is antisymmetric in the covariant indices: C^bc — —C°'cb- Moreover, 
let us assume that the algebra ^ is a Euclidean space, i.e. it is endowed with a 
scalar product ( , ) : ^ M with respect to which the basis {Tg} is orthonormal, 
{Ta, Th) = Sab- For an anticommutative algebra, the scalar product is said to be 
invariant (under the left or right multiplication) if and only if {a*b , c) — {a , b* c) 
for any a,b,c & A , and the latter property is equivalent to the complete antisymmetry 
of the trilinear form 

C -.A^ ^R: ia,b,c) ^C{a,b,c) = {a,b*c) 

or, in components, to the complete antisymmetry property of the covariant tensor 

Cabc •= ^ad C'^bc- 

The gauge algebra inferred from the Berends-Burgers-van Dam vertex is incon- 
sistent at second order [51,52] and no corresponding quartic interaction can be con- 
structed [53]. Originally, consistency of the Berends-Burgers-van Dam deformation 
at second order was shown to require that f^ecf^ab = f^aef^bc [52], which means that 
the corresponding internal algebra is associative {a * b) * c = a * {b * c). In Section 
6.7.2, we actually obtain a stronger condition from consistency: f^ecf^ab — 0, i.e. the 
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internal algebra is nilpotent of order three: {a*b) * c — 0. In any case, to derive that 
the Berends-Burgers-van Dam vertex is inconsistent at order two, one may use the 
following well-known lemma 

Lemma 6.3. If an anticommutative algebra endowed with an invariant scalar product 
is associative, then the product of any two elements is zero (in other words, the algebra 
is nilpotent of order two). 

Proof : Under the hypotheses of Lemma 6.3, one gets ( a*b , b*a ) ~ {a , b*{b*a) ) — 
(a, {b * b) * a) — which implies a * 6 = for any a,b & A. □ 

An exciting result is that the second deformation corresponding to Qabc = g[abc] 
passes the gauge algebra consistency requirement where the vertex of Berends, Burgers 
and van Dam fails. It would be very interesting to investigate whether there exist 
second-order gauge transformations that are consistent at this order and whether 
the deformation of the Lagrangian could then be extended to higher orders in the 
deformation parameter. Unfortunately, the lengthy nature of the five-derivative cubic 
vertex makes further analysis very tedious. 

Let us now turn to the existence of first-order Lagrangians for the deformations 
that do not preserve the parity invariance. 

Theorem 6.7. The quadratic local action (6.1.1) admits a first-order consistent 
parity-breaking deformation 

S[hU = 5o + Slf^abc] W^'^ + (5^ g^abc) V^"" + 0{f^, , (6.9.79) 

which is gauge invariant under the deformed gauge transformations (6.9.76) at first 
order in the deformation parameters. Furthermore, the complete antisymmetry and 
symmetry conditions on the tensors f[abc] '■= ^adf^bc o,nd g(abc) '■= ^add'^bc a^^e neces- 
sary for the existence of the corresponding deformation of the action. The explicit 
expressions of the latter can be found in Sections 6.8.2 and 6.8.3 respectively. 

• The vertices in the first-order deformations are determined uniquely by the struc- 
ture constants f[abc] and g{abc), modulo vertices that do not deform the gauge algebra. 
The corresponding local functional C^"^'^[/i^i/p] and V^^'^[h'l^^,p] are cubic in the gauge 
field and respectively contain two and four derivatives. 

• At second order in f and g, the deformation of the gauge algebra can be assumed 
to close off-shell without loss of generality, but it is obstructed if and only if fabc 7^ . 
Furthermore, the algebra associated with g must be associative. 

By relaxing the parity invariance requirement, one thus obtains two more con- 
sistent non-Abelian first-order deformations that lead to a cubic vertex in the La- 
grangian. The first one, defined in n = 3, involves a multiplet of gauge fields /i^^^ 
taking values in an internal, anticommutative, invariant-normed algebra A . The 
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fields of the second one, living in a space-time of dimension n — 5, take value in an 
internal, commutative, invariant-normed algebra B . Taking the metrics which define 
the inner product in A and B positive-definite (which is required for the positivity 
of energy), the n = 3 candidate gives rise to inconsistencies when continued at per- 
turbation order two, whereas the n — 5 one passes the test and can be assumed to 
involve only one kind of self-interacting spin-3 gauge field h/^^p, bearing no internal 
"color" index. 

Remarkably, the cubic vertex of the n = 5 deformation is rather simple. Fur- 
thermore, the Abelian gauge transformations are deformed by the addition of a 
term involving the second de Wit-Preedman connection in a straightforward way, 
cf. Eq. (6.8.73). The relevance of this second generalized Christoffel symbol in rela- 
tion to a hypothetical spin-3 covariant derivative was already stressed in [51]. 

It is interesting to compare the results of the present spin-3 analysis with those 
found in the spin-2 case first studied in [123]. There, two parity-breaking first-order 
consistent non- Abelian deformations of Fierz-Pauh theory were obtained, also hving 
in dimensions n — 3 and n — 5. The massless spin-2 fields in the first case bear 
a color index, the internal algebra A being commutative and further endowed with 
an invariant scalar product. In the second, n = 5 case, the fields take value in an 
anticommutative, invariant-normed internal algebra B. It was further shown in [123] 
that the n = 3 first-order consistent deformation could be continued to all orders in 
powers of the coupling constant, the resulting full interacting theory being explicitly 
written down However, it was not determined in [123] whether the n = 5 candidate 
could be continued to all orders in the coupling constant. Very interestingly, this 
problem was later solved in [135], where a consistency condition was obtained at 
second order in the deformation parameter, viz the algebra B must be nilpotent of 
order three. Demanding positivity of energy and using the results of [123] , the latter 
nilpotency condition implies that there is actually no n = 5 deformation at all: the 
structure constant of the internal algebra B must vanish [135]. Stated differently, the 
n = 5 first-order deformation candidate of [123] was shown to be inconsistent [135] 
when continued at second order in powers of the coupling constant, in analogy with 
the spin-3 first-order deformation written in [50]. 

In the present spin-3 case, the situation is somehow the opposite. Namely, it 
is the n = 3 deformation which shows inconsistencies when going to second order, 
whereas the n = 5 deformation passes the first test. Also, in the n = 3 case the 
fields take values in an anticommutative, invariant-normed internal algebra A whereas 
the fields in the n — 5 case take value in a commutative, invariant-normed algebra 
B . However, the associativity condition deduced from a second-order consistency 

''Since the deformation is consistent, starting from n = 3 Fierz-Pauli, the complete n = 3 inter- 
acting theory of [123] describes no propagating physical degree of freedom. On the contrary, the 
topologically massive theory in [133, 134] describes a massive graviton with one propagating degree 
of freedom (and not two, as was erroneously typed in [123]. 
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condition is obtained for the latter case, which implies that the algebra B is a direct 
sum of one-dimensional ideals. We summarize the previous discussion in Table 6.2. 





s = 2 


s = 3 


n = 3 


A commutative 
and invariant-normed 


A anticommutativc, 
invariant-normed and 
nilpotent of order 3 


n — 5 


B anticommutativc, 
invariant-normed and 
nilpotent of order 3 


B commutative, 
invariant-normed and 
associative 



Table 6.2: Internal algebras for the parity-breaking first-order deformations of spin-2 
and spin-3 free gauge theories. 

It would be of course very interesting to investigate further the n — 5 deformation 
exhibited here, since if the deformation can be consistently continued to all orders 
in powers of the coupling constant, this would give the first consistent interacting 
Lagrangian for a single higher-spin gauge field. 

It would also be of interest to enlarge the set of fields to spin 2, 3 and 4 and see 
if this allows to remove some previous obstructions at order two. A hint that this 
might be sufficient comes from the fact that the commutator of two spin-3 generators 
produces spin-2 and spin-4 generators for the bosonic higher-spin algebra of [61]. 

Let us finally comment on the Abefian interactions of spin-3 fields. To constrain 
these interactions, one should compute the cohomology of 5 modulo d in antighost 
number one, H'^{5\d) , which corresponds to the conserved currents. This has never 
been done, so no complete list of the Abelian interactions can be given. Nevertheless, 
let us mention three kinds of interactions that involve spin-3 fields, without modifying 
their gauge transformations. The most obvious one is any polynomial in the curvature. 
Other possible deformations of the Lagrangian are related to Chern-Simons-like terms, 
e.g. in n = 3 , 

Qq — ■^tMin2\i'ii^2\piP2^^ '^^^^ ' ^dx^ dx^ dxp^ . 

Finally, if one introduces p-forms, one can build Chapline-Manton-like interactions 
that couple them to the spin-3 fields. This generalization is presented in the Appendix 
B. It leaves the gauge transformations of the spin-3 field unchanged while deforming 
those of the p-form. 
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Conclusions 



In this thesis, we have studied two aspects of higher-spin gauge field theories: duahties 
and interactions. 

The first aspect is related to the presence of dualities, i.e. "hidden" symmetries 
among gauge field theories. We considered the question of whether two higher-spin 
theories corresponding to different irreducible representations of the Poincare group 
can have the same physical content. Duality relations were already known at the 
level of the equations of motion and Bianchi identities, here we proved that these 
dualities hold also at the level of the action. As a consequence, the dual theories are 
formally equivalent. Our main result is that the free theory of a completely symmetric 
gauge fields is dual at the level of the action to the free theory of mixed-symmetry 
"hook" fields of the same spin, in specific dimensions. For example, in five space- 
time dimensions the spin-two theory of Pauli and Fierz is dual to the theory of a 
mixed-symmetry spin-two field written by Curtright. 

In four space-time dimensions the duality exchanges the electric and magnetic 
degrees of freedom of the field. This property led us to introduce external magnetic 
sources for higher-spin fields, thereby generalizing to arbitrary spin the work of Dirac 
on the coupling of magnetic monopoles to the electromagnetic field. Similarly to the 
quantization condition on the product of the electric and magnetic charges for electro- 
magnetism, there is a quantization condition on the product of conserved "electric" 
and "magnetic" charges for higher spins. 

The second aspect of higher-spin gauge field theories that has been analysed in this 
thesis is the problem of interactions. Self-interactions of exotic spin-two gauge fields 
have been studied, as well as self-interactions of completely symmetric spin-three 
fields. This was done in the BRST field-antifield formalism developped by Batafin 
and Vilkovisky, using the technique of consistent deformations of the master equation 
proposed by Barnich and Henneaux. 

For the exotic spin-two fields, we obtained a strong no-go result against the de- 
formation of the Abelian algebra of gauge transformations. No Einstein-like theory 
thus exists for spin-two fields other than the graviton. 

On the other hand, in the spin-three case, we found two deformations of the gauge 
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algebra that are consistent at first-order in the deformation parameter and fulfill some 
second-order consistency conditions. An open question is whether they are related to 
the nonlinear equations written by Vasiliev [60-62] in the limit where the cosmological 
constant vanishes. It would also be most interesting to investigate further whether 
they can be consistently continued to higher orders. They would then constitute the 
first consistent interactions of higher-spin gauge fields that do not involve an infinite 
tower of higher-spin fields. 



Appendix A 
Young Tableaux 



In this appendix^, we introduce the Young diagrams and Young tableaux. Their 
importance stems from the fact that they completely characterize the irreducible 
representations of gl{M) and o(M). 

A Young diagram [rii, n2, ■ ■ - rip] is a diagram which consists of a finite number 
p > of columns of identical squares. The lengths of the columns are finite and do not 
increase: ni > ^2 > . . . > > 0. The Young diagram [rii, n2, ■ ■ - rip] is represented 
as follows: 















_\nj 
rip- 




















n2 



ni 

A Young tableau is a filled Young diagram, i.e. it is constituted by a Young diagram 
and a set of values assigned to each box of the Young diagram. 

Let us consider covariant tensors of gl{M): Aabc... where a,b,c, . . . = 1,2,... M. 
Simple examples of these are the symmetric tensor such that A^^^^ — = 0, or 
the antisymmetric tensor ^^j, such that A^j^ + = 0. 

A complete set of covariant tensors irreducible under gl{M) is given by the tensors 
^a\...al I ... |aj...aS (^i ^ ''^i+i) that are antisymmetric in each set of indices {a\ . . . a*^.} 
with fixed i and that vanish when one antisymmetrizes the indices of a set {a\ . . . a^,} 
with any index a\ with j > i. If one requires that the tensor be also irreducible under 
o(M), then it must be traceless.^ The properties of these irreducible tensors can 
be conveniently encoded into Young tableaux. The Young diagram [ni, n2, . . .n^ is 



^This appendix is based on the introduction to Young tableaux of the second reference of [62]. 
^For proofs of these statements, we recommand the reference [128]. 
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associated with the tensor A„i „i „p „p . Each box of the Young diagram is related 
to an index of the tensor, boxes of the same column corresponding to antisymmetric 
indices. So, in a natural way, the components of the tensor correspond to Young 
tableaux. Finally, the property that antisymmetrization over a set of indices and an 
additional index vanishes is translated into the rule that the antisymmetrization of 
all the indices of a column with an index from any column to the right vanishes. For 
example, the irreducible tensors A^^^ and A^^-^ are associated with the Young tableaux 

l^lbl and ^, respectively. 

In the notation developed here, the irreducible tensors are manifestly antisym- 
metric in groups of indices. This is a convention: one could as well choose to have 
manifestly symmetric groups of indices of non-increasing length, corresponding to 
rows of the Young tableau. The irreducibility condition is then that the symmetriza- 
tion of all indices of a row and an index of a lower row must vanish. The choice of 
convention depends very much on the context, i.e. the tensors at hand. In this thesis, 
we always use the antisymmetric convention. 

To end this introduction to Young diagrams, we give some "multiplication rules" 
of one or two box(es) with an arbitrary Young tableau. 

Let us start with the tensor product of a vector (characterized by one box) with an 
irreducible tensor under gl{M) characterized by a given Young tableau. It decomposes 
as the direct sum of irreducible tensors under gl{M) corresponding to all possible 
Young tableaux obtained by adding one box to the initial Young tableau, e.g. 
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The decomposition of the tensor product of an antisymmetric two-form (characterized 
by one column of two boxes) with the same kind of tensors is computed in a similar 
way: one sums all the possible Young tableaux obtained by adding two boxes to the 
initial Young tableau, provided one never adds both boxes on the same line. E.g. 





1 ® 


* 














© 




1*1 © 










* 






* 






* 






















* 




* 




* 






















* 





For the tensor product of a symmetric tensor with two indices (characterized by a 
two-box row), the two boxes added must belong to different columns: 





1 (X) 1*1*1 ~ 
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For the (pseudo) orthogonal algebras o(M — N,N), the tensor product of a vector 
(characterized by one box) with a traceless tensor characterized by a given Young 
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tableau decomposes as the direct sum of traceless tensors under o{M — N, N) cor- 
responding to all possible Young tableaux obtained by adding or removing one box 
from the initial Young tableau (a box can be removed as a result of contraction of 
indices), e.g. 





□ □ ~ 




1 1 










1 y e 1 1 1 
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Appendix B 



Chapline-Manton for exotic spin-2 
fields and spin-s fields 

In this appendix, we generalize the Chaphne-Manton interactions among p-forms to 
interactions that couple [p, g]-fields to p'-forms, as well as higher-spin gauge fields 
and p-forms. These interactions deform the gauge transformation for the p-forms and 
leave the gauge transformation of the higher-spin fields unchanged. 

B.l Chapline-Manton interaction 

Let us first introduce the usual Chapline-Manton interaction [136], which couples 
different kinds of p-forms. 

One considers a p-form Api...pp and a g-form Bp^ ^^ , which read in form nota- 
tion = Ap^ p^ dxP^ . . . dx^'p and B'^ = Bp-^ p^ dx'^^ . . . dx'^''. Their respective field 
strengths are Fp+^ = dAP and Hi+^ = The dual *F''-p-^ of Fp+^ is defined by 

— („_p_l)!-' pi...pp+l "'•^Pp+2 ■ ■ ■ ^-^Pn ■ 

The action for the free theory describing these forms is 

^ _ j ^ pp+i* pn-p-l _|_ jjq+l* jjn-q-l -j 

It is invariant under the gauge transformations 

5aAp = dKP-^ , = dQ«-^ . 

The Chapline-Manton couphng exists when p and q satisfy p -\- 1 — q -\- k{q + 1) 
for some positive integer k. (One can of course invert the role of p and q.) It consists 
in the following deformation of the field strength : 

pp+i _^ pp+i = (iAP + g Bmi+^ . . . Hi+^ , 



162 



Chapline-Manton for exotic spin-2 fields and spin-s fields 



where there are k factors if , and g is an arbitrary constant. The interacting action 
is 

^ — J ^ pp+i* pn-p-l _|_ Jjq+l* Jjn-q-l 

which is invariant under the deformed gauge transformations 

Indeed, it is easy to check that the deformed field strength is invariant under 
this transformation. 



B.2 [p, g]-fields and p'- forms 

The Chaphnc-Manton-hke interaction can be generalized to couple a [p, g]-field 
(pni...np\ui...i'q and a r-form Ap-^^^ p^. In this case, q and r must be related by r + 1 = 
q + k{q + l) for some strictly ■'^ positive integer k. 

The interacting Lagrangian is again obtained from the sum of the free Lagrangians 
for (j) and A by replacing the curvature of the r-form by a deformed curvature. This 
deformed curvature F^~^^ = Fp^...p^j^^ dx^^ . . . dx'^'"+^ is now defined by 

where 

■^P[p+i] ^[piy^p2-Pp+i]Wi-Mg(J'X ...ax , 

/ is a constant tensor such that^ 

yM[j,+i]l->fp+i]|P[p+i] ^ fl^lp+ijl-ll^ip+iilPlP+iMp+i] 

and where we have used the short notation //[p] to denote a collection of p antisym- 
metric indices [/ii . . . /ip] . 



^Tho case A: = is absent because there is no covariantly constant tensor / with p+1 antisym- 
metric indices to contract the free indices of D"^ in (B.2.1). 

^When /'^[p+iil->[P+iil''b+il = (_)9/'^[P+iil ->[p"+iil^b+ill'^[p+ii , the deformation of the curvature is 
a total derivative and can be removed by a redefinition of A. 



B.3 Higher-spin gauge fields and p- forms 
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The deformed curvature and thus the new Lagrangian are invariant under the 
deformed gauge transformation 7 defined by: 

''[p+i] '^iP+ij ^^^^^ 

I _ o 4(1.0) 

,^(0,1) I ^4(0.1) 

^ ^lX...^lJ,\[v^...Vq--^,Vq\ ^ _ g _|_ \y_q\ Vl...Vq[^lq+^_...^lJ,\^l^_...^lq-^_,^iq\ ' 

where D^-i = a., „ dx"^ . . . dx""-' . (See Chapter 5 for more details 

pl...Pp+l in p2...pp+l\\l>l...l'q-l V f 

bout the undeformed spin-2 gauge transformation parameters). 



B.3 Higher-spin gauge fields and p- forms 

In a similar way, one can construct Chapline-Manton-like interactions coupling com- 
pletely symmetric higher- spin gauge fields to p-forms with even p — 2k > 0. 

The deformed lagrangian is the sum of the Pronsdal Lagrangian for the completely 
symmetric gauge field and the free Lagrangian for the p-form 74[pj p^j, where 

the curvature of the p-form has been replaced by a deformed curvature F . 

We define 

D^i ii I s-i s-i = di,s-i...d\..2d\,.id),,u,,ii ..s-ii-.dx'^ 

K^i ii I s-1 s-1 — dD^ I ii I s-1 s-1 (B.3. 2) 

Ml/^2l---lMl Ml/i2l---lMl M2 ^ ' 

where the antisymmetrizations in the r.h.s. are over the pairs [/il/x^. Note that 
is just the usual spin-s curvature where two indices are considered as form-indices. 
The deformed curvature for the p-form is then defined as follows: 

FP+^ = dAP + K^... K^D^f (B.3.3) 

where there are k factors K^, and the constant tensor / contracts the free indices of 
the curvatures and D^. In order for the deformation to be nontrivial, / should be 
symmetric under the exchange of the indices of with those of any K'^. Indeed, if / is 
antisymmetric under this exchange, then the deformation of is a total derivative 
and can be removed by a redefinition of the field A^. Of course, the interactions exist 
for a given k only if an appropriate tensor / can be found. 

The new Lagrangian is invariant under the deformed gauge transformations 

-fAP = dAP-^ + K\ . . K^Qf 
where ^ ^i^.y„\^s-, ^s-, = d^^s-i . . . ^[^i^i^i^^i]^?]...^.-!] . 
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Appendix C 



First-order formulation of the free 
exotic spin-2 theory 



We consider a theory describing the free propagation of a gauge field (t>ij,i...ixp\vi...vqi the 
symmetry properties of which are characterized by two columns of arbitrary lengths 
p and with p > q. These gauge fields thus obey the conditions 



The action (5.1.1) describing their free motion given in Section 5 is of second order 
in the derivatives of the fields. As is shown in Section 2.2, higher-spin gauge field 
theories can be formulated either in a second-order formalism, or in a first-order one. 
This is also the case for spin-2 field theories. We review their first-order formulation 
in this appendix. In the particular case of a symmetric spin-2 field, the first-order 
formulation is simply the linearization of the formulation of gravity by Mac-Dowell 
and Mansouri [11]. The simple cases of [2, 1]-, [2, 2]- and [3, l]-fields have been written 
in [44] . The first-order formulation of mixed symmetry fields has also been considered 
in AdS in [45] . 

The first-order theory is formulated in terms of the generalized vielbein 
^ni...np\ui...ug and of the generalized spin connection Ci;^^^...^^!,^!...^,^,^^, which are both 
antisymmetric in each of their sets of indices. 




'^Il...^J.p\ll'l...uq] , 



e 



= e, 



'^il...^ip\ll'l...l'q] , 



They satisfy no further identity. 
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Let us define Tf,^...^^^,\,,^,„^^ by Tf,^...^,^^^\,,,...u, = 9[^ie^2...^^+i]|^i...z.^ . The first-order 
Lagrangian then reads 

C = §^P^■■■P<l^^^■■■^^P+'^^^J l^l-.I/p+l f j, Tl...Tq _ \ ^ n.-.Tq 



As the Lagrangian depends on the vielbein only through its antisymmetrized 
derivative T, it is obviously invariant under the gauge transformation 

with antisymmetric in its two sets of indices, 

The following gauge invariance of the action is less obvious: 

^X^IJ-l---IJ-pWl—^q ~ X\}J.l---IJ.q-l\tlq+l--IJ.p\v\...Vq I (C.O.l) 

where Xiii...iJ.q-i\vi...vp+i is also antisymmetric in both sets of indices, 

X^J,l...^lq-\\v^■..VpJ^l — X[^ll...^lq-l\\l'l...VpJ^l — Xp,l...Hq^l\[yi..Mp+l\ ■ 

To prove that the action is invariant under this transformation, one must notice that 

r[/91...pq^l.../lp+l]^l l'l...Vp+\ 2 Tl...Tq 

[Tl...TqUl..Mp+l] pl-pq\ [pi...pq\pq+l ...p.p+l] 

is symmetric for the exchange of and u;^. This can be checked by expanding the 
product of 5's. The proof of the gauge invariance then follows rapidly. 

Let us now make contact with the second-order formulation. The last symmetry 
property can be used to derive an elegant expression of the equations of motion for 
cu, which reads 

rp Tl...Tq _ ^ T^-Tq 

They imply that one can express uj in terms of derivatives of the vielbein, i.e. that 
uj is an auxilliary field. Indeed, all ireducible components of uo are constrained by 
this equation. Inserting the expression uj{e) into the action, one gets a two-derivative 
action depending only on the vielbein e . Furthermore, the analysis of the gauge in- 
variance of this action shows that it depends only on the irreducible component of 
the vielbein that has the symmetry represented by the Young diagram [p, q\ . Indeed 
the invariance under the gauge transformation (C.O.l) implies that all other compo- 
nents are pure gauge. Defining to be the irreducible component of the vielbein 
with symmetry [p, q\ , the action becomes the second-order action (5.1.1), up to some 
irrelevant overall constant factor. 
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D.l Proof of Theorem 5.6 

We now give the complete (and lengthy) proof of Theorem 5.6. The proof is by 
induction and follows closely the steps of the proof of similar theorems in the case of 
1-forms [117,119],p-forms [121] or gravity [71]. 

There is a general procedure to prove that the theorem 5.6 holds for k > n, that 
can be found e.g. in [71] and will not be repeated here. We assume that the theorem 
has been proved for any k > k, and show that it is still valid for k . 

The proof of the induction step is rather lengthy and is decomposed into several 
steps: 

• the Euler- Lagrange derivatives of ak with respect to the fields (j) and C* (1 < 
j < P + 1) are computed in terms of the Euler-Lagrange derivatives of 6^+1 
(Section D.1.1); 

• it is shown that the Euler-Lagrange derivatives of 6^+1 can be replaced by in- 
variant quantities in the expression for the Euler-Lagrange derivative of with 
the lowest antifield number, up to some additionnal terms (Section D.l. 2); 

• the previous step is extended to all the Euler-Lagrange derivatives of (Section 
D.1.3); 

• the Euler-Lagrange derivative of with respect to the field is reexpressed in 
terms of invariant quantities (Section D.l. 4); 

• an homotopy formula is used to reconstruct from its Euler-Lagrange deriva- 
tives (Section D.1.5). 
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D.1.1 Euler- Lagrange derivatives of 

We define 



Then, the Euler- Lagrange derivatives of are given by 



M[g] 1 i^lp+l-j] 



S^ak 



where B = ( -)ii+'^)iP+V ^S±^ and L)'"'^'' ''''' = i r['^M"/^b]l a a/3 j ^^e 

second-order self-adjoint differential operator defined by 

I I'lq] — -^MW I I Plp] I (^[g] 

As in the proof of Theorem 5.4, the projection on the symmetry of the indices of 
Cj is needed when j < q, since in that case the variables C* do not possess all the 
irreducible components of [g] (8) [p -|- 1 — j] , but only those where the length of the 
first column is smaller or equal to p . When j > q, the projection is trivial. 



D.1.2 Replacing Z by an invariant in the Euler-Lagrange 
derivative of with the lowest antifield number 

We should first note that, when k < p + 1 , some of the Euler-Lagrange derivatives of 
ttk vanish identically: indeed, as there is no negative antificld-numbcr field, ak cannot 
depend on C* if j > k. Some terms on the r.h.s. of Eqs.(D.l.l)-(D.1.2) also vanish: 
Zk+i-j vanishes when j > k + 1 . This implies that the p + 1 — k top equations of the 
system (D.1.1)-(D.1.2) are trivially satisfied: the p — k first equations involve only 
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vanishing terms, and the (p — k + l)th involves in addition the 5 of an antifield-zero 
term, which also vanishes trivially. The first nontrivial equation is then 

S^ttk 

~ (~) ^i^'^ t^lqlll^lp+l-k]) ~ ^0 ti[q]\W[p-k],^p+l-k]\ SymofC^ ■ (D.1.3) 

Let us now define [T^^^^J^i^^ = {-ydip^(f)p^,„p^^^]\^^^^. We will prove the following 
lemma for A; > g : 

Lemma D.l. In the first nontrivial equation of the system (D.1.1)-(D.1.2) (i.e. 
Eq.(D.l.l) when k>p-\-l and Eg. (D.l. 3) whenp+ 1 > k > q), respectively Zk_p or 
Zi satisfies 



fllg]\l^lp+l-k] ^«/i[,]ll^[p+,_feJ (D.1.4) 

+ ( — ) ^l[q]\^^[p+l-k] f^lq]\Wlp+i-k-i],'^p+l-k]\ symofC^_i_^_^ 



+ A, 



k-i+\ 



where Z[ is invariant, the j3i 's are at least linear in M and possess the same symmetry 
of indices as , Ai = (— 2~ ^ p(*) is a polynomial of degree t in H and 
is a polynomial of degree s in K'^'^^ and r in Ti.. The polynomials are present 
only when p — k — t{n — p — 1) or p + 1 — k — s{q + 1) + r{n — p — 1) respectively. 

Moreover, when p + 1 > k > q, the first nontrivial equation can be written 



'~ ( ^ ^^il^lq]\'^lp+i-k] '^0/i[<,]|[i/[p_fc],i.p+i_fc]l sj/mo/C* 

M[q]l '^[p+l-fc] 



+ 



where Zq is an invariant and {K'^'^^) is a polynomial of degree m in K'^^^ , present 
only when p + 1 — k = m{q + 1). 

The lemma will be proved now respectively for the cases k>p+l,q<k<p+l 
and k — q . 

Proof of Lemma D.l for k > p + 1: 

As k — p > , there is no trivially satisfied equation and we start with the top 
equation of the system (D.1.1)-(D.1.2). 

The lemma D.l is a direct consequence of the well-known Lemma D.2 (see e.g. [71] 

)■■ 
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Lemma D.2. Let a be an invariant local form that is 5-exact, i.e. a — 5(3 . Then 
(3 — P' + S(T , where (3' is invariant and we can assume without loss of generality that 
a is at least linear in the variables of M . 

Proof of Lemma D.l for q < k < p + 1: 
The first nontrivial equation is (as /c > g): 



-^o//[q]|[i/[j,_fc],i/p+i_fci • (D.1.5) 



5Cl 

« M[q] I ^[p + l-k] 



We will first prove that Zi has the required form, then we will prove the the first 
nontrivial equation can indeed be reexpressed as stated in Lemma D.l. 

First peirt: Defining oiq^.a^. ^_^, = ^^5^ , the above equation can be 

written as 

^ ^_^k^^zl+^-k^ + {-Y+^-^dZl-^ , (D.1.6) 

where we consider the indices as form-indices and omit to write the indices 

Acting with d on this equation yields dQ^'^^~'' — {—)'^'^^5{dZf'^^~'^). Due to 
Lemma D.2, this implies that 

= dZf+'-'= + 5Z^+^-'' , (D.1.7) 

for some invariant a^"*"^"^ and some Zf"*"^"*^. These steps can be reproduced to build 
a descent of equations ending with 

where Q;^_p_i_,_fc is invariant. Asn— p— 1-|-A;>A;, the induction hypothesis can be 
used and implies 



a 



where Z'^^^j^^^ and Z'^"ip\_^f^ are invariant, and R{K'^'^^, H) is a polynomial of order s 
in K'^'^^ and r m.'H (with r, s > 0), present when p — k — s{q + 1) + r{n — p — 1). 
This equation can be lifted and implies that 



a 



for some invariant quantities Z'^^^ ^ and Z'2^'^ ^ ■ Substracting the last equation 
fi-om Eq.(D.1.7) yields 

V ^ ^ s V dK<i+^ Ji / ^ ' 
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As Hl'^^~^{d\ 5) ^ d), by Theorem 5.4 the solution of this equation is 



-(p-fc) 

where the last term is present only when p — k = t{n — p — 1). 
This proves the first part of the induction basis, regarding Zi. 

Second part: Wc insert the above result for Zi into Eq.(D.1.6). Knowing that 
5([P(7Y)]r'-') + d{[P{H)]l-'') = and defining 

we get 

Thus d{yVE~^) is an invariant and the invariant Poincare Lemma 5.1 then states that 

diWE-"") = diZ'^'"-") + QiK'^+') 

for some invariant Z'^~' and some polynomial in Q{K'^^^^. This straightfor- 

wardly implies 

which completes the proof of Lemma D.l for q < k < p ^ \. □ 

Proof of Lemma D.l for k = q: 

The first nontrivial equation is 

9/i[gll'^[p+l-q] 

(D.1.8) 

This equation is difi^erent from the equations treated in the previous cases because 
the operator acting on Zq cannot be seen as a total derivative, since it involves the 
projection on a specific Young diagram. The philosophy of the resolution of the latter 
problem goes as follows [74] : 

(1) one first constrains the last term of Eq.(D.1.8) to get an equation similar to 
Eq.(D.1.3) treated previously. 
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(2) one solves it in the same way asforg<A;<p+l. 

We need the useful lemma D.3 [74]. 

Lemma D.3. If al is an invariant polynomial of antifield number and form degree 
1 that satisfies 

al^5Zl + dW^ , (D.1.9) 
then, for some invariant polynomials Z'\ and W\ , 

Zl^Z'l + 5cl>l + dx'i , (D.1.10) 

< = < + <^X?- (D.1.11) 
Proof: Using standard techniques, one gets the following descent 

al = SZi + dZl (D.1.12) 

= sz:+dz:zi, 

where all the ctl_i are invariant. As n — 1 > + 1, by the induction hypothesis {i.e. 
Theorem 5.6 has been proved for k > q) we can choose Z^ and Z^zl invariant. The 
invariance property propagates up until al = dZ'"^ + dZ'\, where Z'\ and Z'\ have 
been chosen invariant. Substracting the latter equation from Eq.(D.1.12) and knowing 
that Hl{5\d) ^ ifn(^M) vanishes, we get Eq.(D.l.lO). Substituting Eq.(D.l.lO) in 
Eq.(D.1.9) and acting with 7, we find d(7(WQ — ^x?)) = 0. Using the algebraic 
Poincare lemma and the fact that there is no constant with positive pureghost number, 
this implies 7(1^0 ~ ^Xi) = 0, which in turn gives Eq.(D.l.ll), as there exists no 
7-exact term of pureghost number . □ 

As explained above, we now constrain the last term of Eq.(D.1.8). The latter 
equation implies 

where b = j^;^:^j§^Y^y Defining 

^l[ptl[q]U[p-q]] ^ i~y^[P^^mi]\''b'-l]K+^-<l^^ "^^ " ' 
^0[pHlq]l^lp-q]] = -a5[p^0MMl<^[p-<,]] > 

and omitting to write the indices [p/i[g]Z/[p_g]], the above equation reads okq = SZl + 
dWg . Lemma D.3 then implies that Wq = /q° + Sm^ for some invariant Iq°. By the 
definition of Wq, this statement is equivalent to 
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Inserting this resuh into Eq.(D.1.8) yields 

This equation has the same form as Eq.(D.1.5) and can be solved in the same way to 
get the following result: 

+ '^1- M[q]l [•^lp-q]''^P+l-q] + '^'^2 Mf,, 1 



+ - 

s 



'^0M[9]k[p+l-gl "^0[/i[,]|l^[p + i_g]] + ( + ^0 M[q]| [!^[p-q],t'p+l-9] 

Removing the completely antisymmetric parts of these equations yields the desired 
result. 

This ends the proof of Lemma D.l for A; > g . □ 
D.1.3 Replacing all Z and Y by invariants 

We will now prove the following lemma: 

Lemma D.4. The Euler- Lagrange derivatives of Uk can be written 



i<i<?, 

where Z[ (k — p < I < k) and Y^_^_^ are invariant polynomials, except in the following 
cases. When k — p + 1 — m{q + 1) for some strictly positive integer m , there is an 
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additionnal term in the first nontrivial equation: 



k I I 

'k 



where Q is a polynomial of degree m in K'^'^^ . Furthermore, when k — p + 1 — r{n — 
p — 1) — s{q + 1) for a couple of integer r,s > 0, then there is an additional term in 
each Euler- Lagrange derivative: 

k-j i^[p+i-j] I symofC^ 

Proof: By Lemma D.l, we know that the Z's involved in the first nontrivial equa- 
tion satisfy Eq.(D.1.4) and that this equation has the required form. We will proceed 
by induction and prove that when ^^-j (where k — j > 1) satisfies Eq.(D.1.4), then 
the equation for also has the desired form and Z^^j+i also satisfies Eq.(D.1.4). 
Let us assume that Zk_j satisfies Eq.(D.1.4) and consider the following equation: 

- {-) ) - I symofC* ■ (^U.i.idj 

3 I '^[p+l-j] 

Inserting Eq.(D.1.4) for Z^-j into this equation yields 



SC* 

j IJ.lq]\l^[p+l-j] 



- [-) - Pk-j+1 \symofC'.j (U.i.i4j 



1 d^R'^iiHK'i^^ H) 



k-j+l 



sym of C* 



Note that one can omit to project on the symmetries of C*^^ when inserting Eq.(D.1.4) 
into Eq.(D.1.13). Indeed the Young components that are removed by this projection 
would be removed later anyway by the projection on the symmetries of C* . 
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Defining the invariant 



7'MMk[p+l-i] 



Ar=o 



P[p+1] 



k-j+1 



symofC* I J^=0 



and setting jV = in the last equation yields, as /3k-j+i is at least linear in jV, 



S^ak 



5C 



■I ^^[q] \ Hp-j]l''p+l-j] 



symofC* 



This proves the part of the induction regarding the equations for the Euler-Lagrange 
derivatives. We now prove that Zk-j+i verifies Eq.(D.1.4). 
Substracting Eq.(D.1.15) from Eq.(D.1.14), we get 



_j],l/p+l_j] 



sym of 
J k+l-j 



sym of Ct 



As A; + 1 — j > 0, this implies 



symofC*- -I 



which is the expression (D.l. 4) for 

Assuming that Z^-j satisfies Eq.(D.1.4) , wc have thus proved that the equation 
for has the desired form and that Z^^i^j also satisfies Eq.(D.1.4). Iterating this 

step, one shows that all Z's satisfy Eq.(D.1.4) and that the equations involving only 
Z's have the desired form. 

It remains to be proved that the Euler-Lagrange derivative with respect to the 
field takes the right form. Inserting the expression (D.l. 4) for Zk into Eq.(D.1.2) and 
some algebra yield 



S^ak 



^(^fc+l H[g] I I Symof </>) + P^H[q] \ I P[p] I (T[g] Z k^ 



[R'^yq^iK''-'Mr'')\ sy^of. 
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where 



[<T[q]aAt[p]] 



[p+i] 



+ 



and c 



fAfc(-)P+'=+^ Defining K' 



k+l ^/[q] I U[q] I sym o/ fli \j\f=0 



setting A/" = in the above equation completes the proof of Lemma D.4. □ 



and 



D.1.4 Euler- Lagrange derivative with respect to the field 

In this section, we manipulate the Euler-Lagrange derivative of aj; with respect to the 
field . 

We have proved in the previous section that it can be written in the form 

As ak is invariant, it can depend on | ^.j^j only through which im- 

phes that ^^f^j?.,^] = [^^[,1/3] , where X has the symmetry of the curva- 

ture. This in turn implies that ^(^fe'+i j) — for some W with 

the Young symmetry [p + 1, g + 1] . Let us consider the indices //[pj as form indices. 
As Hl~l{5\ d) ^ d) ^ for A; > 0, the last equation imphes 

^fe+i M[pik[<,i = 1 + [Am[p]]| ■ (D.1.16) 

By the induction hypothesis for p + 1 + A; , we can take Ak+2 and T^+i invariant. 
Antisymmetrizing Eq.(D.1.16) over the indices fJLq. . . jipiyi ■ ■ ■I'q yields 

The solution of this equation for T^+i is 



k+llXO...ilq-'L[lJ,q...ilp\v-i...Vq] — 



lfiq...lJ,pVl...Ua]y ' 



P[n-q] 



|J.O...^lq-l\ [tJ.q...tJ.piyi..Mq] + 9 S^+l aflQ . . . fiq^l\ [/Iq . . .fJ.pl/1 . . .Ug] , 
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where C/^") is a polynomial of degree u in Ti, present when k + q + 1 — n — u{n —p — 1) 
for some strictly positive integer u. As T and [/("^(TY) are invariant, we can use the 
induction hypothesis for k' — k + 1 + q. This implies 



Tk + llJ.o...lJ.q-l[lJ,q...lJ,p\l'l...l'q] ^ Q k + 2 flQ . . -Hq-l] [/ig . ../ipI/1 . . .I/q] 



(D.1.17) 



+ 



P[n-q] 

k+l 



-/iO---M(j-lP[n-q] 



where Q'^j^2 ^"^^ ^'k+i invariants and \/(^'^) is a polynomial of order v and w; in 
K"^^^ and respectively, present when n — q = v{q + 1) + w{n — p — 1) + A; + 1 for 
some strictly positive integers v,w. 

We define the invariant tensor Eaf^^^] /Bu^^^ with Young symmetry [p + 1, g + 1] by 



E. 



i=Q 



c[pO---pp] 

k+l po-Pi-i{i'i-i'q\Pvi-Vi-i]pi-Pv [ap^^] 



where a, = aor#%7 and = (-yi , , 



{p-qy. (q!)2 (p-9+1) (p+2) El=o 



3=0 (9-3)! 



Writing ^^'^E'^.+i c^^j^ji^^^j^j in terms of S'^_^_^ and using Eqs.(D.1.17) and (D.l. 16) 
yields 



+ a' 



i=0 



(I'.'io) 



where Ffc_|_2 is invariant, (3i = and f is allowed to take the value v — 

to cover also the case of the polynomial U^'^\ii). 



D.1.5 Homotopy formula 

We will now use the homotopy formula to reconstruct ak from its Euler- Lagrange 
derivatives: 



dt 



I I'lq] 



^ j mi] I ^[p+i- 



S^ak 



I J^lq] j^l 3 I U^p+l-j] 
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Inserting the expressions for the Euler- Lagrange derivatives given by Lemma D.4 
yields 



\q]PP[p+l]] 



Using the result (D.1.18) for Yl_^^ and some algebra, one finds 



+ dn 



n-l 
k 



where a, = ^^^^ /^-iK^zlil , a, = (_)n(p+fc+i)+2^(2^±il±M^±l) 

ag = {—)''ar . In short, 

for some invariant //fe+i, and some polynomial P of strictly positive order in K'^'^^ 
and H. 

We still have to prove that can be taken invariant. 
Acting with 7 on the last equation yields (i(7n^~^) = 0. By the Poincare lemma, 
7n^~^ = d{r2^^). Furthermore, a well-known result on H{'y \ d) for positive antifield 
number k (see e.g. Appendix A.l of [71]) states that one can redefine n^"^ in such 
a way that 7^^"^ = 0. As the pureghost number of vanishes, the last equation 
implies that n^~^ is an invariant polynomial. 

This completes the proof of Theorem 5.6 for k > q. □ 



D.2 Schouten identities 

The Schouten identities are identities due to the fact that in n dimensions the anti- 
symmetrization over any n + 1 indices vanishes. These identities obviously depend 
on the dimension and relate functions of the fields. 
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The solving of equations in the sections 6.7 and 6.8 requires the knowledge of 
bases for several kinds of functions. When Schouten identities come into play, these 
bases are not obvious. This appendix is thus devoted to finding these bases, which 
depend on the structure of the functions at hand and the number of dimensions. 

Note that we write the internal indices only when it is necessary. 

D.2.1 Functions of the structure eC*TT in n = 4 

In order to achieve the four-dimensional study of the algebra deformation in D-degree 
2, a hst of the Schouten identities is needed for the functions of the structure eC*TT. 
The space of these functions is spanned by 

rpbc c-t^^f"^ ri*OL rpb (3 rpc rpbc /UI/pcT /^*a rpb P rpc 

^1 ^IJ. -'-up\ ^(Ta\j3^ J-2 ^ii -'-up\ ^al3\a^ 

rp[bc\ nvpa r~i*aP rph rpc 

^3 — ^ ^ -^fiula ^ pa\f3 ■ 

There are two Schouten identities. Indeed, one should first notice that all Schouten 
identities are linear combinations of identities with the structure 

where the indices aP'jSrjT are contracted with the indices of the ghosts and where 
^ylupt^] ^ ^yl^S^p^i^ri ■ Furthermore, there are only two independent identities of this 
type: ^ ^ ^ ^ 

cla/3"/Srii] nupa^*Tn^b n^c \ _ n x[a/3"/Sv] -nupa /^*\n^b rn^c _ n 

Expanding the product of (5's, one finds that the first identity implies that Tf"^ is 
symmetric: T^*^ = Tj*-^*^^ , while the second one relates Tj"^ and t]^'^' : Tj"^ = tJ^*^^ . 

So, in four dimensions, a basis of the functions with the structure eC*TT is given 
by Ti'"^ and rf ' . 

D.2. 2 Functions of the structure £h*TU in n = 4 

These functions appear in the study of the algebra deformation in D-degree 3, n = 4 
. They are completely generated by the following terms: 

There are three Schouten identities: 

An explicit expansion of these identities yields the relations 

Ta + 2T2 + 2^5 = , Ta - T4 = , Ti = . 



180 



Technical appendix 



D.2.3 Functions of the structure eC*UU in n = 4 

The Schouten identities for the functions of the structure e C*UU in n = 4 are needed 
for the analysis of the algebra deformation in D-degree four. The functions at hand 
are generated by ^ = 5'^-"- C^^ U^^"^ U;/ ^ and = e^'^'^'^ C^^ U^^^^ C/^ ^'"^ . 
However, these vanish because of the Schouten identities 

AaP-fSi)] nupcr ^*\fjb rrjffc _ r, ^^afS^S-r^] uupa^*Tffb Xvffc _ n 
"[fMiyparf '-'a (3-f\ '^lS\Xri " U , "[nuparf '-'a 0j\ '^^S\\ri " ^ ■ 

Indeed, they imply that T^""^ + T^" = and = T^^''\ which can be satisfied only 
if Tf"^ = Tt'^ = . 



D.2.4 Functions of the structure eCd^hh and eCd^hdh in n = 3 

These functions appear when solving 5ai + 700 = dbo in Section 6.8.2. In generic 
dimension {n > 4), there are respectively 45 and 130 independent functions in the 
sets eCd^hh and eCd^hdh. In three dimensions, there are 108 Schouten identities 
relating them, which leave only 67 independent functions. One can compute all 
these identities and the relations between the 108 dependent functions and the 67 
independent ones. However, given their numbers, they will not be reproduced here. 
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